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Abstract. In this volume we study noncommutative domains 15/ C B(H)^ 
generated by positive regular free holomorphic functions / on BiTi.)^ , where 
BiTi.) is the algebra of all bounded linear operators on a Hilbcrt space W. 

Each such a domain has a universal model (Wi, . . . , Wn) of weighted shifts 
acting on the full Fock space with n generators. The study ofDf is close related 
to the study of the weighted shifts Wi, . . . , Wn, their joint invariant subspaces, 
and the representations of the algebras they generate: the domain algebra 
A„{Vf), the Hardy algebra F^{Vf), and the C*-algebra C*{Wi, . . . ,Wn.). 
A good part of this paper deals with these issues. We also introduce the 
symmetric weighted Fock space F^CDf) and show that it can be identified 
with a reproducing kernel Hilbert space. The algebra of all its "analytic" 
multipliers will play an important role in the commutative case. 

Free holomorphic functions, Cauchy transforms, and Poisson transforms 
on noncommutative domains arc introduced and used to provide an F^CDf)- 
functional calculus for completely non-coisomctric elements of VfCH), and a 
free analytic functional calculus for rt-tuples of operators (Ti, . . . ,T„) with the 
joint spectral radius rp{Ti , . . . , Tn) < 1. Several classical results from complex 
analysis have analogues in our noncommutative setting of free holomorphic 
functions on I>/. 

We associate with each u!*-closed two-sided ideal J of the algebra F^{Vf) 
a noncommutative variety Vf^j C T>f. We develop a dilation theory and model 
theory for n-tuples of operators T := {Ti,...,Tn) in the noncommutative 
domain Vf (rcsp. noncommutative variety Vf^j). We associate with each such 
an n-tuple of operators a characteristic function 0/,t (resp. Qf\T.,j), use it to 
provide a functional model, and prove that it is a complete unitary invariant 
for completely non-coisometric elements of (resp. V/_j). In particular, we 
discuss the commutative case when TiTj = TjTi, i = 1, . . . ,n. 

We introduce two numerical invariants, the curvature and *-curvature, 
defined on the noncommutative domain Vp, where p is positive regular non- 
commutative polynomial, and present some basic properties. We show that 
both curvatures can be express in terms of the characteristic function 0p,T. 

We present a commutant lifting theorem for pure n-tuples of operators 
in noncommutative domains Vf (resp. varieties Vf^j) and obtain Nevanlinna- 
Pick and Schur-Carathcodory type interpolation results. We also obtain a 
corona theorem for Hardy algebras associated with Vf (resp. V/_j). 

In the particular case when / = Xi H h X„ , we recover several results 

concerning the multivariable noncommutative (resp. commutative) operator 
theory on the unit ball [B(H)"]i. 
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Introduction 



The study of the operator unit ball 

[B{n)]i := {T e B{n) : \\TT*\\ < 1} 

has generated, in the last fifty years, the celebrated Sz.-Nagy-Foia§ theory of con- 
tractions on Hilbert spaces 196]. A key role in this theory is played by the model 
operator associated with [B{'H)]i, i.e., the unilateral shift S acting on the Hardy 
space H'^{B)), where B := {z e C : \z\ < 1}. The study of the unit baU [B{n)]i is 
very close related to the study of the unilateral shift, its invariant subspaces, and 
the representations of the algebras it generates: the disc algebra A(D), the ana- 
lytic Toeplitz algebra H°°(D), and the Toeplitz C*-algebra C*{S). This interplay 
between operator theory and harmonic analysis is illustrated in the dilation and 
model theory of contractions, and the profound implications in function theory, 
interpolation, prediction theory, scattering theory, and linear system theory (see 
[96], [43], [44], m)- 

In the noncommutative multivariable setting, the study of the operator unit 
n-ball 

[B{nr]i :={(ri,...,T„) e B{Hr ■■ mr* + --- + t^t:\\ < 1} 

has generated a free analogue of Sz.-Nagy-Foia§ theory (see |45j . [29] . [66] . [67j . 
[68] . [69] . [70] . [71] . [72], [73], [H] and more recently [76], [38], [IT], [18], [23], 
[77) . [75] . [80] . [82] . [86] . [83] . [84] . [85] . [21] ). In this case, the model associated 
with [i?(7i)"]i is the n-tuple (5*1, . . . , Sn) of the left creation operators acting on the 
full Fock space with n generators (iJ„ ) . The corresponding algebras are the non- 
commutative disc algebra An, the noncommutative analytic Toeplitz algebra F^, 
and the Cuntz- Toeplitz algebra C* {Si, . . . , Sn). Introduced in ^70j in connection 
with a multivariable noncommutative von Neumann inequality, the noncommuta- 
tive analytic Toeplitz algebra F^f has been studied in several papers [68] . [69j . 
[72] . [73] . [74], [76], [6], and recently in [35], [36], [37], |8], [78], [39], [64], [H], 
and [87) . 

Interpolation problems for the noncommutative analytic Toeplitz algebra i^,^ 
were first considered in [68] . where we obtained a Sarason [91] type interpolation 
result, and in |73| . where we obtained a Schur-Caratheodory (|93|. [30] ) type in- 
terpolation theorem. In 1997, Arias and the author |8] (see also |75] ) obtained a 
distance formula to an arbitrary WOT-closed ideal in F^ as well as a Nevanlinna- 
Pick (see (60j ) type interpolation theorem for the noncommutative analytic Toeplitz 
algebra F^. Using different methods, Davidson and Pitts proved these results in- 
dependently in |35] . Let us mention that, recently, interpolation problems for F^ 
and related interpolation problems on the unit ball of C" were also considered in 
[3], [H], [H], [11], [79], [80], [H], and [82]. 
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Applications of the noncommutative dilation and model theory to prediction 
theory and entropy optimization were considered in [77j and [82j . It is well known 
that, in the classical case, there is essentially a one-to-one correspondence between 
any two of the following: operator model theory, scattering theory, and unitary 
system theory. The same is true in the noncommutative multivariable case. The 
model theory for row contractions (elements of [_B(7i)]i) (see [66', "67', and |68j ) 
lead Ball and Vinikov [17^ to their multivariable setting for Lax-Phillips scattering 
and conservative linear systems. Along this line, we also mention the paper [19j of 
Ball, Groenewald, and Malakorn. 



In [87] , we developed a theory of holomorphic functions in several noncommut- 
ing (free) variables and provide a framework for the study of arbitrary n-tuples of 
operators. This theory enhances our program to develop a free analogue of Sz.- 
Nagy-Foia§ theory [96], for row contractions. A free analytic functional calculus 
was introdued in [87] and studied in connection with Hausdorff derivations, non- 
commutative Cauchy and Poisson transforms, and von Neumann inequalities. In a 
related area of research, we remark the work of Helton, McCullough, Putinar, and 
Vinnikov, on symmetric noncommutative polynomials ( [48j . |49j . [51j . |50j . |52j ). 
which contains a new type of engineering application. 

We should also remark that, in recent years, many results concerning the theory 
of row contractions were extended by Muhly and Solel ([54j. |55j . |56j . [57j ) to 
representations of tensor algebras over C*-correspondences and Hardy algebras. 

Motivated by the profound impact that the operator theory of the unit ball 
[i?(7i)"]i, n > 1, has had in several areas of research, we study, in this paper, more 
general noncommutative domains of the form 



QeF+,|Q|>i 



< 1 



where / := X]aeF+ |q:|>i '^ct"'^"' ^ ^^^y positive regular free holomorphic 

function on B{Ti.)" . Such an / has positive coefficients with Og. 7^ 0, i = 1, . . . , n, 

and limsupfc^o^ \ J2\a\=k Wa\^) < Here, F+ is the free semigroup with n 
generators 51, . . . and |a| stands for the length of the word a G F+. For each 
ct '■= 9ii ■ ■ ■ 9ik G : Xa dcnotcs the product Xi^ ■ ■ ■ Xi^ . 

In Chapter 1, we associate with each noncommutative domain V f an essentially 
unique n-tuple {Wi, . . . , Wn) of weighted shifts acting on the full Fock space with 
n generators F^(Hn)- This will play the role of universal model for the elements of 
VfiTi). Several of its properties will be presented throughout the paper. 

We introduce, in Section ll.il the domain algebra A,i(I?/), as the norm closure 
of all polynomials in Wi , ■ ■ ■ , W„ , and the identity, and characterize its completely 
contractive (resp. completely bounded) representations. In particular, we obtain a 
von Neumann [98] type inequality, i.e., 

lk(Ti,...,r„)|| < \\q{Wi,...,Wn)\\ 

for any (Ti, . . . , Tn) G 2?/(7i) and any polynomial q in n noncommutative indeter- 
minates. We also identify, in this section, the set of all characters of AniVf) with 
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the set 



I?/(C):=<^(Ai,...,A„)eC": ^ a„|A„|2 < 1 



In Section [L^ we introduce the Hardy type algebra F^{T>f) (resp. R^CDf)) 
and provide some basic properties including the fact that it is semisimple and 
coincides with its double commutant. This algebra is the analogue of 77°° (D) (see 
[46j and |47j ). for the noncommutative domain I?/, and it will play an important 
role in our investigation. 

In the next section, we show that the Hardy algebra F^{T>f) is the w*-(resp. 
WOT-, SOT-) closure of all polynomials in VFi, . . . Wn, and the identity. Based on 
noncommutative Poisson transforms associated with I?/, we obtain an F^{'Df)- 
functional calculus for completely non-coisometric (c.n.c.) n-tuple of operators in 
the noncommutative domain I?/(7i). More precisely, we prove that, for each c.n.c. 
n-tuple T :— (Ti,...,r„) G I?j(7i), there exists a unital completely contractive 
homomorphism 



which is H/OT-continuous and ^j.riWjs) = Tp for aU /? e F+. 

An important extension of this result to noncommutative varieties of I?/ is 
obtained in the next section. Let us explain a little bit more. Each w*-closed two- 
sided ideal J of the Hardy algebra F!^{T>f) generates a noncommutative variety 
V/.j C Vf which, represented on a Hilbert space Ti, is defined by 



where . . . , Xn) is defined by an appropriate functional calculus. The univer- 

sal model associated with Vfj is the n-tuple (Bi, . . . of constrained weighted 
shifts defined by Bi :— Pj\/jWi\j\/j , i — 1, . . . where {Wi, . . . , Wn) is the univer- 
sal model associated with Vf and Mj :— JF^(iJ„). The Hardy algebra 
associated with V/,j is the compression of F^{T>f) to the subspace A/j, and it is de- 
noted by F^{Vf^,j). It turns out that F^{Vfj) is the w* -closure of all polynomials 
in Si , ... , Bn and the identity. 

In Section [1.5) we show that, for each c.n.c. n-tuple T := (Ti,...,T„) £ 
V/,j(7i), there exists a unital completely contractive homomorphism 



which is W^OT-continuous and '^f,T,j{Bp) = Tp for all fi e ¥+. 

Section [L6l is devoted to the weighted shifts (Wi, . . . , Wn) associated with the 
noncommutative domain T) f . We determine all the eigenvectors of Wi , ■ ■ ■ , W* , 
and prove that the right joint spectrum ar{Wi, . . . ,Wn) coincides with 2?/(C). 
This will enable us to identify the ?«*-continuous multiplicative functionals of the 
Hardy algebra F^(Vf). 

We introduce the symmetric weighted Fock space F'^iVf) associated with the 
noncommutative domain Vf and prove that it can be identified with iJ^(I?J(C)), 
a Hilbert space of holomorphic functions defined on 



$/,T : Fi^{Vf) B{n) 



:= {{Xi, . . . , A„) e Vf{H) : ^{Xi, . . . , A„) = for all ^ £ J) , 



*/,T,j : F^{Vf,.,) -> B{n) 
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Moreover, we show that F^iVf) is the reproducing kernel Hilbert space with re- 
producing kernel Kf : X'^(C) x X'J(C) defined by 

Kf(p,X):^ ^ ^, /i,AeI?}(C). 

In the end of this section, we identify the algebra of all multipliers of the Hilbert 
space i?^(2?j(C)) with F^iVfjJ, the w*-closed algebra generated by the operators 
Li := Pp2(i3^) Wi|^2(x)^), i — 1, . . . ,n, and the identity, and prove that it is reflexive. 
This algebra will play an important role in the commutative case. 

In Chapter 2, we introduce the algebra Hol{T>f) of all free holomorphic func- 
tions on the noncommutative domain I?/ and prove a version of the maximum 
principle [31j . We identify the domain algebra Ani'Df) and the Hardy algebra 
F!^{T>f) with subalgebras of free holomorphic functions on 2?/. 

When p is a positive regular noncommutative polynomial, we point out two 
Banach algebras of free holomorphic functions, and which can 

be identified with the Hardy algebra F^{'Dp) and domain algebra Ani'Dp), re- 
spectively, and show that the elements of these algebras can be seen as boundary 
functions for noncommutative Poisson transforms on 1)°. For example, we show 
that if u is a free holomorphic fimction on then there exists / G F^{'Dp) with 

u = P[f] if and only if sup ||M(rW^i, . . . , rT^^n)!] < 

0<r<l 

Moreover, in this case, u{rWi, . . . ,rWn) ^ /, as r — > 1, in the u'*-topology (or 
strong operator topology). 

In Section [121 we obtain versions of Schwarz lemma '3V and Bohr's inequality 
|28| for the Hardy algebra F^{T>f). Our version of Bohr's inequality states, in 
particular, that ip — X]/3eF+ '^P^P is in F^CDj), then 

Y.\cM<M\ foraU (Ai,...,A„)G%i/3(C), 

/3eF+ 

where 

I?/,i/3(C) := {(Ai, . . . , A„) e C" : (3Ai, . . . , 3A„) e Vf{C)} . 

Notice that if n = 1 and f — X we obtain the classical Bohr's inequality |28| . 

In Section 12. 3[ we obtain Weierstrass and Montel type theorems |31) for the 
algebra of free holomorphic functions onVf. This enables us to introduce a metric 
on Hol{'Df) with respect to which it becomes a complete metric space. 

A noncommutative Cauchy transform is introduced, in Section [2. 4[ and used to 
provide a free analytic functional calculus $p_T : HolCDp) B{H) for n-tuples of 
operators T := (Ti, . . . , r„) e B{H)" with joint spectral radius rp(Ti, . . . , r„) < 1. 
We show that the free analytic functional calculus is continuous and unique. In the 
last part of this section, we present multivariable commutative versions of the free 
analytic functional calculus and Bohr's inequality. 

Chapter 3 is devoted to dilation theory, model theory, and unitary invariants 
on noncommutative domains. In Section [3Tl we obtain a Beurling |22| type char- 
acterization of the invariant subspaces under the weighted shifts {Wi, . . . , Wn) as- 
sociated with the noncommutative domain Vf. Similar results are deduced for the 
model shifts . . . ,Bn) associated with the noncommutative variety V/,j C Vf. 
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In Section 13.21 we develop a dilation theory for n-tuples of operators in the non- 
commutative domain I?/(7i), or in the noncommutative variety V/ j(7i), defined 

by 

~{{Xi,...,X„)eVf{n) : q(Xi,...,X„) -0, iovallqeVj}, 

where J is a -closed two-sided ideal of F^{'Df) generated by a set Vj of non- 
commutative polynomials. 

The case when (ri,...,T„) G VfiTi.) and TjTj = TjTi, i,j = l,...n, 
is obtained when the ideal J is generated by the commutators WiWj — WjWi, 
i,j — 1, . . .71. In this commutative case, and assuming that / is a positive reg- 
ular polynomial, we find some of the results of S. Pott |90j . More particulary, if 
f = Xi + ■ — h Xn, we recover some of the results obtained by Drury [41] . Arveson 
[TT] , and the author [7^ . 

In Section [3^ we associate with each n-tuple of T :— (Ti, . . . ,T„) e 'Df{'H) a 
characteristic function 6/,t, which is a multi-analytic operator with respect to the 
universal model {Wi, . . . , Wn), i.e., 

e/,T e R^{Vf)^B{VciTr,VciT)). 

where 'Dc^t)* and 2?c(r) are some defect spaces associated with T. We prove 
that the characteristic function is a complete unitary invariant for completely non- 
coisometric elements of 2?/ , and provide a model. Similar results are obtained for 
the constrained characteristic function associated with noncommutative varieties 
Vfj C Vf. 

In particular, we discuss the commutative case, when the n-tuple of operators 
T := (Ti, . . . ,r„) e Vf{n) is completely non-coisometric and T,Tj = TjT, for aU 
i, j = 1, . . .n. More particularly, if / is a positive regular polynomial and T is pure, 
we recover the results from |26j . 

In the last section of this chapter, we introduce the curvature and the *- 
curvature associated with n-tuples of operators in the noncommutative domain Dp, 
where p is a positive regular noncommutative polynomial. We prove the existence 
of these numerical invariants and present some basic properties. We also show that 
both curvatures can be expressed only in terms of the characteristic function Qp^T- 

The particular case whenpe aiXi+- ■ •+a„X„ is treated in greater details. In 
this case, the curvature invariant curvp^ is defined on the noncommutative ellipsoid 

VpM) := {(Xi, . . . , X„) e B(nr ■■ aiXiXl + ■■■ + a„X„X; < /} . 

We show that the range of the curvature curvj,^ coincides with [0, oo), and 
that curvp^ can detect the pure n-tuples of operators (Ti, . . . , r„) £ Vp^ which are 
unitarily equivalent with the model operator [Wi ® Ijc, ■ ■ ■ , Wn <8) Ijc), where K. is 
finite dimensional. We remark that in the particular case when oi = • • • = a„ = 1, 
we recover some of the results from |78) . [53] . [81] . and [84| . 

Chapter 4 deals with commutant lifting theorems and applications. We provide 
in Section 14.11 a Sarason type '91| commutant lifting theorem for pure n-tuples of 
operators in noncommutative domains Vf or in noncommutative varieties V/,j. 
This theorem also extends the corresponding result obtained by Arias [5]. 

As consequences, we obtain Nevanlinna-Pick [60j and Schur-Caratheodory f [30| . 
[93) ) type interpolation results. In particular, we obtain the following Nevanlinna- 
Pick interpolation result. If Ai, . . . , Afc are distinct points in ^'^(C) and Ai, . . . ,Ak 



6 



GELU POPESCU 



are in B{IC), then there exists ip E {T> f)^B{IC) such that 

11-011 < 1 and ipiXj) ^ Aj, j ^l,...,k, 
if and only if the operator matrix 

is positive semidefinite. 

In the last section of this paper we present, as an application of our commu- 
tant lifting theorem, a corona type result |46) for a class of Hardy algebras associ- 
ated with the noncommutative domain Vf and the noncommutative variety V/,j. 
In particular, we show that if ipi, . . . , ipn G F^(T>f), then there exist operators 
51, . . . , 5fc e F^i'Df) such that 

(Piffi H 1- tpfefffc = I 

if and only if there exists 5 > such that 

ipiipl H h ipk^l > SI. 

A commutative version of this result for the algebra F^{VfjJ is obtained as well. 

Now, a few more remarks concerning the results of the present paper are nec- 
essary. First, we mention that many results of this paper remain true if the non- 
commutative domain 'Df{Ti.) is replaced by domains of type XI + T>f{Ti.), where 
A :— (Ai, . . . , A„) e C" and XI :— (Ai/, . . . , A„/). We remark that we can obtain, 
as particular cases, all the results obtained by Arias and the author in [7], where 
we considered interpolation problems for Hardy algebras associated with a certain 
class of weighted shifts on Fock spaces. 

On the other hand, when f = Xi + ■ ■ ■ + X„, we recover several results con- 
cerning the multivariable noncommutative (resp. commutative) operator theory 
on the unit ball [S(7i)"]i. However, there are many results for [B{'H)"]i which 
remain open problems for our more general noncommutative domains generated by 
free holomorphic functions on _B(7i)". For instance, it remains an open problem 
whether the model theory for c.n.c n-tuples of operators in the noncommutative 
domain I?/(7i) can be extended to the class of c.n.u (completely nonunitary) n- 
tuples, as in the classical Sz.-Nagy-Foias theory or the work of Ball-Vinnikov in 
the particular case when / ~ Xi + • • • + X„. A similar question concerns the 
_F'^(I?^)-functional calculus. Other open problems will be mentioned throughout 
the paper. 

It would be interesting to see if there are analogues of our results for noncom- 
mutative polydomains I?/j(7i) x • • • x 'Df^{'H) and certain subvarieties determined 
by noncommutative polynomials, extending in this way previous results obtained 
(in the commutative case) by Curto and Vasilescu [33] . |34| . 

Finally, we add that several results of this paper are extended, in a forthcoming 
paper |89j , to noncommutative domains 

D™(7i) := J (Xi, . . . ,X„) e Binr : ''-^-K > i , 

I ae¥+ ) 

where g = X]aGF+ CoATq = (1 — /)™, m e N, and / is any positive regular free 
holomorphic function on BiTLY^ . In the commutative case, we recover several results 
obtained in [l], [2], [58], [II], [S^, [32], and [90]. 



CHAPTER 1 



Operator algebras associated with 
noncommutative domains 

1.1. The noncommutative domain Df and a universal model 

In this section, we associate with each positive regular free holomorphic function 
/ on B{H)" a noncommutative domain 'Df{H) C B{Ti)^ and an essentially unique 
71-tuple {Wi, . . . , Wn) of weighted shifts, which will play the role of the universal 
model for the elements of I?/(7i). 

Let Hn be an n-dimensional complex Hilbert space with orthonormal basis ei, 
62, . . . , e„, where n € {1,2,...}. We consider the full Fock space of Hn defined by 



where H®^ := CI and H®'^ is the (Hilbert) tensor product of k copies of iJ„. Define 
the left creation operators Si : F^{Hn) — > F'^{Hn), i — 1, . . . ,n, by 



and the right creation operators Ri : F^{Hn) — > F'^{Hn), i = 1, . . . , n, by Ri(p := 

The algebra F^ and its norm closed version, the noncommutative disc algebra 
An, were introduced by the author [70] in connection with a multivariable noncom- 
mutative von Neumann inequality. F^ is the algebra of left multipliers of F^{Hn) 
and can be identified with the weakly closed (or u;* -closed) algebra generated by the 
left creation operators Si, . . . ,Sn acting on F^{Hn), and the identity. The noncom- 
mutative disc algebra An is the norm closed algebra generated by Si, . . . , Sn, and 
the identity. For basic properties concerning the noncommutative analytic Toeplitz 



algebra F^ we refer to [68], [69], [72], [73], [74], [76], [6], [S^, [36], [35], [39] . 



Let be the unital free semigroup on n generators gi, . . . , gn and the identity 
go- The length of a G F+ is defined by |a| := if a = go and \a\ := k if a ~ 
9ii ■■■gik^ where ii,...,ik € {l,...,n}. If (Xi,...,X„) e B{UY, where B{U) 
is the algebra of all bounded linear operators on the Hilbert space Ti, we denote 



Let f{Xi, . . . , Xn) := '^aev^ o,aXa, Oq, e C, be a free holomorphic function on 
B{'H)'^ with radius of convergence strictly positive. As shown in [87] . this condition 
is equivalent to 



F\Hn):^^HS 



S,ip -.^ e, If, ipeF^{Hn), 



and m. 



Xa Xi-^ ■ ■ ■ Xi^. and X, 



go 



(1.1) 
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Throughout this paper, we assume that Oq > for any a G F+, Cg,, = 0, and 
Ug^ > 0, i — 1, . . . ,n. A function / satisfying all these conditions on the coeffi- 
cients is called a positive regular free holomorphic function on i?(7i)". Define the 
noncommutative domain 



,Xn) e B{ny 



|q|>1 



< L 



H 



where the convergence of the series is in the weak operator topology. When the 
Hilbert space Ti. is understood, we use the notation Vf. Due to the Schwarz type 
lemma for free holomorphic functions on the open unit ball of _B(7i)" (see |87| ). 
there exists r > such that 'Df{H) contains the operatorial n-ball 



(W)"], := {(Xi, . . . , X„) e B{nr : ll^i^i* + • • • + ^nX:||i/2 < ^| 



and f{rSi, . . . ,rSn) is a strict contraction in the noncommutative disc algebra 
An, i.e., \\f{rSi, . . . ,rSn)\\ < 1- Therefore, the operator I — f{rSi, . . . ,rSn) is 
invertible with its inverse (/— f{rSi, . . . , rS„))^^ in An C and has the "Fourier 
representation" g{rSi, . . . ,rSn) = X]aeF+ ^ct^'"'*^" some constants ba & C. 
Hence, and using the fact that r^°'^ba = PcS^g{rSi, . . . ,rS'„)(l), we deduce that 

,rSn) =1 + firSi, ...,rSn) + f{rSi, . . .,rSn)^ + ■■■ 



g{rSi 



fe=l |7i|>l,---,l7fc|>l 

-^+E E E E 

m=l \a\=m 



n ...n J^yil + '-' + hkl Q 
"71 "7fc' '^7l---7fc 



r.\a\ Q 
Jet 



V 



71|>1,...,|7,-|>1 



Due to the uniqueness of the Fourier representation of the elements in , we have 

|a| 



(1.2) 



Since 



1 and 



E E 

j=l Tl-Tj=Q 

^l|>l,...,|7 - |>1 



if lal > 1. 



ba = ag._^ ■ ■ ■ Og.^ + positive terms, 

for any a — gi-^ ■ ■ ■ gi^, and a^.^ > 0, • • • , Og^^ > 0, relation (|1.2|1 implies 6a > for 
any a E F+. Notice that any term of the sum 

/ 

^ ^ fl-y]^ • ■ ■ (X-~^^CL(j-^ ■ ■ • Qj0 



l«| |/3| 

EE E 



babp 

.7 = 1 fe=l 

7ll>l,. 

is also a term of the sum 



j=lk=l ii---ij=i^ \ ^i---,7^=f) 



w= E E 



Jii>i,...,itpi>i 



Since > 0, |a| > 1, we deduce that 
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(1.3) babp < bap, for any a,fie F+. 

On the other hand, since (/ — /(rS'i, . . . , rSn))g{rSi, . . . , rSn) — I, we deduce that 

/ \ 



m=l \j\=m 



bj - ^ apba 



V 



/3c. = T 
,I3€¥+ ,II31>1 



J 



and, therefore 
(1.4) 



b^- J2 = if 1^1 ^ 1- 

/3a=7,|/3|>l 

Similarly, since g{rSi, . . . , rSn){I — f(rSi, . . . , rSn)) = -f, we deduce that 
(1.5) 6^- = if |7| > 1. 

a/3=7,l/3|>l 

We define the diagonal operators Di : F'^{Hn) F'^{Hn), i = l,...,n, by 
setting 



Due to relations (|1.2p and (|1.3p . we have > 6gi&Q = agi&a and, consequently, 
IIAII = sup J-^ = — i = l,...,n. 



Now we define the weighted left creation operators Wi : F'^(Hn) F^(_ff„), i = 
1, . . . ,n, associated with the noncommutative domain Vf by setting Wi — SiDi, 
where 5*1, . . . ,5'„ are the left creation operators on the full Fock space F^{Hn)- 
Therefore, we have 



where the coefficients &„, a G F+, are given by relation (|1.2p . Let's show that 
(VFi,...,W„) eI?/(F2(iJ„)), i.e., 

(1.6) "'li^li^P ^ ^• 

I/3|>1 

A simple calculation reveals that 



(1.7) Wpe, 



if a = ^7 
otherwise 



for any a, /? e F+. Notice also that \\Wn\\ — —j=^ /3 G F+. Indeed, due to inequality 
(ESI)- if / = Eae G F2(i/„), then 



11/11- 
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Since Wal = -^=, the assertion follows. Now, using relation (|1.7p . we deduce that 



if a = /37 



otherwise. 



Notice that \ I — cLpWpWp Bq = Cjsi.a&a, where Cjsi.a = 1 if a = <?0j and 

V i<l/3|<Af / 

/37=Q,l<|/3|<^V " 

Due to relation p.4p . if 1 < |q;| < A^, we have Cjv.q = 0. Using the same relation 
and the fact that 

ba- E "/3^7 - 1*^1 - f' 

/37=a,l<|/3|<Af 

we deduce that < Cm.o < 1, whenever \a\ > N . On the other hand, notice that 
if 1 < A^i < 7V2 < then 

(1.8) ba- E a0bj<ba- ^ 

/37=Q,l<|/3|<Ar2 /37=a,l<|/3|<Afi 

f r 

Consequently,-!/— ^ apWpW'^y is a decreasing sequence of positive di- 

agonal operators which converges in the strong operator topology to Pc, the or- 
thogonal projection of F'^{Hn) onto 1 (8) C. Therefore, we have 

(1.9) I-Y. apWpW;=Pc. 

I/3|>1 



This also shows that (Wi, . . . ,Wn) ^ Vf{F'^iHn)). Now, since 
(1.10) PcW^ea = 



if a = /3 



^0 otherwise, 
we have X]/3gF+ ^p^pPcW^Ca = Ca- Therefore, 

(1.11) E W I ^ ~ E ly^* = /, 

/3GF+ \ h|>l / 

where the convergence is in the strong operator topology. 

We can also define the weighted right creation operators A; : F^{Hn) — > F^(Hn) 
by setting :— RiGi, i — 1, . . . , n, where . . . , i?„ are the right creation op- 
erators on the full Fock space F'^{Hn) and each diagonal operator Gi is defined 

by 
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where the coefficients ba, a £ F+, are given by relation (II. 2p . In this case, we have 



A,e, = 4=^e. and Ale^^lvi'^ " = 



(1.12) A/3e^-^=o^^ 
Jb^j^ I otherwise 

for any a, /3 G F+, where /3 denotes the reverse of /? = (/i^ • • • gi^ , i.e., 13 = gi,. ■ • • gi^- 
Using relations (|1.2p . (|1.3p . and (jl.Sp . we deduce that 

1<\I3\<N ) 

where Gn.u = 1 if a = 5o, and 

CN..O. = 1 - -J-^ if |a| > 1. 

jf3=a,l<\i3\<N " 

As in the case of weighted left creation operators, one can show that 

(1.13) I- J2a^ApA;^Pc 

I/5|>1 



and, since 



we have 



otherwise, 



^P^P r ~ ^ a^AcA* A^ = /, 

/3eF+ V |a|>l / 

where the convergence is in the strong operator topology. 

Notice that if f(Xi, . . . ,Xn) ■= J2\a\>i '^aXa is a positive regular free holo- 
morphic function on i3(7i)", then so is f{Xi, . . . , A"„) :— X]|q|>i '^aXa, where a 
denotes the reverse of a. We also denote by iW^^\ VF^^) the weighted left 
creation operators {Wi, . . . , Wn) associated with Vf. The notation (A^''^'', . . . , A^''^-') 
is now clear. 

Proposition 1.1. Let iwy\ . . . , W^^) (resp. {A[^\ Ai^^)) be the weighted 
left (resp. right) creation operators associated with the noncommutative domainVf. 
Then the following statements hold: 

(i) {wif\...,wP)&'Df{F^{Hn)); 

(ii) {A[^\...,Ai^^)eVj{F^{H,,)y, 

(iii) U*A\^^U = W'>^\ i = l,...,n, where U E B{F'^{Hn)) is the unitary 
operator defined by Uca :— Ca, a € F+. 

Proof. Items (i) and (ii) follow from relation (|1.6p and p.lSp . respectively. 
Using relation (|1.7p when / is replaced by /, we obtain 
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On the other hand, using relation ()1.12p . we deduce that 




Therefore, U* K\^''U — W^^\ i — 1, . . . ,n. The proof is complete. 



□ 



Now, we ca prove that the weighted left creation operators associated with 
noncommutative domains are essentially unique. 

Theorem 1.2. Let (Wi, . . . , Wn) and {W{, . . . , W^) be the weighted left creation 
operators associated with the noncommutative domains Vf and Vfi, respectively. 
Then there exists a unitary operator U £ B{F^{Hn)) such that 



UW^ = WlU, i = 1, 



if and only if f — f . 



Proof. One implication is obvious. Let [Ma,/?]^ /3gf+ ^® matrix represen- 
tation of the unitary operator [/, i.e. Ua,f3 '■= {Ue0,ea), a,/3 £ F+. Using the 
definition of the weighted left creation operators, we deduce that 



{UW^ea,ef3) 



and 



{WlUe^.ep) = {Ue^,W'*ep) 



0, 



if /3 = 
otherwise 



for any a, /3 G F+ and i = 1, . . . , n. Therefore, if /3 = 5^7 for some 7 G F+ and 
i — 1, . . . ,n, then the equality UWi — W^U imphes 



(1.14) 



^7, a • 



"giOi 



If /3 is a word which does not start with the generator gi, then the same equality 
implies -^^=up^g.a — 0, which implies 

(1.15) = 0, if ^ does not start with gi. 

In particular, Ug^.c^ — for any uj G F+ with |a;| > 1. Since J7 is a unitary operator, 
we must have Ug(,,go ^ 0. Similarly, using relations (|1.14p and (|1.15p . we deduce 
that up^^ = if /3 7 and up^fj ^ for any (3 G F+. Let U* = [cq,/3]q, 
be the matrix representation of U* , where cp^a — Ua,p- Since U*W- — WiU* for 
i = 1, . . . , n, similar arguments as those used to obtain relations (I1.14|) and p.l5|) . 
imply 
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Using relations (|LT4l) and (fTTBl) . we obtain 



7, a 



for any a, 7 G F+ and i = 1, 



Hence, we deduce that 



an 



if u^^a 7^ 0, and, consequently, -j^ 
we deduce that 



9il 

b' ■ 



Since we already know that Ua^a 7^ 0, 



ba 



h' 



Si a 



for any a e F+ and i = 1, . . . ,n. Now, using the fact that bgg — b'g^ — 1 { see (|1.2p ). 
one can easily show that b^^ — b'^ for any uj g F+. Based on the results preceding 
the theorem, we have 



(/-/(r5i,...,r5„))-i =5(r5i,...,r^„) = ^ b^r^'^^S^ 
= ^ fo^rl^lS"^ = g'(r5i, . . . ,rS'„ 



Luewz 

^{I- f'{rSi,...,rSn)r\ 

Hence, we have f{rSi, . . . , rSn) = f'{rSi, . . . , rSn) which, due to the uniqueness of 
the Fourier representation of the elements of the noncommutative analytic algebra 
F^, implies f = f- This completes the proof. □ 

Now, we can prove the following similarity result. 

Theorem 1.3. Let (Wi, . . . , Wn) and {W{, . . . , W^) be the weighted left creation 
operators associated with the noncommutative domains Vf and Vfi, respectively. 
Then there exists an invertible operator X G B[F^{Hn)) such that 

Wi=X-^W-X, i = l,...,n, 

if and only if there exist positive constants Ci and C2 such that 



(1.17) 



< Ci < < C2 for all a £ F+, 



where the coefficients ba and b'^ are given by relation (|1.2p . Moreover the operator 
X can be chosen such that 

1 



max{\\X\\,\\X-^\\} <max<i — ,C2 
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Proof. Assume that X E is a positive invertible operator such 

that XWi — W-X, i = 1, . . . ,n, and let X = [xa.js]^ /3eF+ matrix representa- 

tion. For each a e F+ and i = 1, . . . , n, we denote 



(1.18) 



where the coefficients ba are given by equation l\l.'2\\ . Using the definition of the 
weighted left creation operators, we have {XWiCa, ep) = w(gi,a)xfj^g^a and 

{W[Xec.,ep) = {Xe^^W'^ep) 

^\w'{g^n)x^,a, P = gil 

1 0, otherwise. 

Since XWi — W^X, we deduce that Xf^.g-a = if /3 does not start with the generator 
gi, and 

_ w'(,gt,i) 



(1.19) 



1-7, Q 



if /3 = .g,7. 



Hence, Xg„^a = if |a| > 1. Since X is invertible, we must have Xg^^^gg ^ 0. Using 
relations (jl.lSp and (|1.19|) . we deduce that, for any uj ~ giigi2 ■ ■ ■ 9ik ^^rn 

w'{gz,,gi2 ■ ■■gik) w'{gi2,gis ■ ■ - ff^J w'{g,^,go) 



^ /IT 



■gik) w{g^^,go) 



^90,90 



Hence, we obtain 



^90, 90- 



{Xe 



■^90,90 



< 



\x\ 



^90,90 



■^90,90 



Consequently, there is a constant Ci > such that Ci < -^^S= for any iv £ F+. 



Similarly, if we work with X ^ instead of X and with the equality X — 
WiX~^, i = l,...,n, we find a constant C2 > such that < C2 for any 

Conversely, assume that condition (|1.17p holds. Define the diagonal operator 
D E B{F'^{Hn)) by setting De^ = daea, a £ F+. As in the first part of the proof, 

the relation DWiWiD, i = 1, . . . , n, holds if and only if da = ^^dgg , a G F+. We 
can choose dgg = 1. It is clear that condition (|1.17p implies that the operator D is 
invertible. Moreover, we have 



\D\' 



sup 



1^<-Fr and 



\D- 



sup ■ 

QGF+ 



< C2, 



which proves the last part of the theorem. 



□ 



We remark that results similar to Theorem I 1 . 21 and Theorem ll.3l can be obtained 
for the weighted right creation operators (Ai, . . . , A„). We should mention that, in 
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the particular case when n = 1, we find some results from Shields' survey paper 

m- 



1.2. The domain algebra An{1^f) and its representations 

We introduce the domain algebra AniJ^f) associated with the noncommutative 
domain I?/ to be the norm closure of all polynomials in the weighted left creation 
operators Wi , . . . , Wn and the identity. Using noncommutative Poisson transforms 
associated with Vf, we characterize the completely contractive (resp. completely 
bounded) representations of the domain algebra Ani'Df). In particular, we identify 
the set of all characters of Anil^f) with the set I?/(C) C C". 

Using the weighted right creation operators associated with V f , one can define 
the corresponding domain algebra 7?.„(I?/) and obtain similar results. 

Let f{Xi, . . . , Xn) := J2\a\>i '^aXa bc a positive regular free holomorphic func- 
tion on B{H)^, and let T := (Ti, . . . , r„) be an n-tuple of operators in the non- 
commutative domain I?y(7i), i.e., ^ UaTaT* < Ifi. Define the positive linear 

|a|>l 

mapping 

$/,T : Bin) ^ Bin) by $/.t(^) = aaTa^T^*, 

|q|>1 

where the convergence is in the weak operator topology. Since < I and 

^f,T{') is a positive linear map, it is easy to see that {$™j.(/)}J^^j is a decreas- 
ing sequence of positive operators and, consequently, Qr.r ■— SOT- lim <i>^j,(/) 
exists. We say that T is of class Co (or pure) if SOT- lim <1''1V(-^) =^ 0- 

We remark that, for any (ri,...,T„) e VfiTi) and < r < 1, the n-tuple 
(rTi, . . . , rTn) & T>f{H) is of class C.q. Indeed, it is enough to see that 

for any m S N. Notice also that if ||<&/,t(^)|| < 1, then T is of class C.q- This is 
due to the fact that \\^f j,{I)\\ < ||$/,T('/)ir. 

Following [76] (see also [^), we define the Poisson kernel associated with the n- 
tuple T := (Ti, . . . ,r„) e Vf{H) to be the operator Kf,T ■ U -> F2(i7„)® A/,t(H) 
defined by 

(1.20) Kf^Th^ ^/b^ea(g) Af^TT*h, heU, 



16 



GELU POPESCU 



where ^f^r '■— {1 ~ ^ f.T{l))^^'^ ■ Due to relation (|1.2p . we deduce that 



I m=l |/3|=m 

oo / 

m=l \p\=m \ 



E E 



hll>l,...,|T,|>l 



h, h 



(Ai^h, h)+Y, {'^iAi - '^fAm, h) 



k=l 

= - hm (<^fj,{I)h,h) 
for any h ^ 7i. Therefore, we have 

(1.21) J2 bpTpAl^T* ^In~ Qf,T. 
Due to the above calculations, we have 

ii^/,t/i|i = E h{TpAiTnh,h) = \\hf~\\QY^hf 

/3GF+ 

for any h E H. Therefore A'/.t is a contraction and 

(1.22) K}^j,Kf,T = In-Qf,T. 
On the other hand, a simple calculation reveals that 

(1.23) Kf^rT* = {W*(^In)Kf^T, z = l,...,n, 

where (Wi,...,W„) is the n-tuple of weighted left creation operators associated 
with the noncommutative domain Vf. Moreover, Kf^x is an isometry if and only 
if T = (Ti, . . . , r„) e 'Df{'H) is of class C.q. In this case, we have 

KIt [Wc.W; (^In)Kf,T= T^T; , a, /3 e F+ . 

Due to Proposition II. 1[ the n-tuple W := (Wi, . . . , Wn) is in the noncommutative 
domain 'Df{F^{Hn)) and, due to relation (|l.lip . we have y^Kf^w = In, which 
implies that W is of class C.g. 

We identify Mm{B{'H)), the set of to x m matrices with entries in B{Ti), with 
B(7i(")), where H^") is the direct sum of m copies of Ti.. Thus we have a natural 
C*-norm on Mm{B{Ti)). If X is an operator space, i.e., a closed subspace of 
B{H), we consider Mjn{X) as a subspace of Mjn{B{Ti)) with the induced norm. 
Let X, Y be operator spaces and m : X — s- y be a linear map. Define the map 

: M^iX) ^ Mm(Y) by 



'^m ( [-^ij ] m X rn ) 

We say that u is completely bounded if 



\u\\cb ■■= sup < oo. 

m>l 



If II "1*11 cb < 1 (resp. Um is an isometry for any m > 1) then u is completely contractive 
(resp. isometric), and if Um is positive for all m, then u is called completely positive. 
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For more information on completely bounded maps and the classical von Neumann 
inequality [98j , we refer to |63j and |65j . 

The next result extends Theorem 3.7 and Theorem 3.8 from |76j . 

Theorem 1.4. Let T := {Ti, . . . ,Tn) be an n-tuple of operators in the non- 
commutative domain VfiTi.). Then there is a unital completely contractive linear 
map 

^f^T ■■ spEn{Wo,W^; a,(3e ¥+} -> B{n) 

such that 

^fMw^w;) = t^t;, a,(3e f+. 

Moreover, the Poisson transform 5* f^x satisfies the equality 
(1.24) ^f^rig) = \imK*Mg(g>In)Kf,rT, 

where the limit exists in the norm topology of B(Ti.). 

Proof. The n-tuple rT := (rTi, . . . , rr„) e Vf{n) is of class Co for each 
< r < 1. Consequently, Kf^^T is an isometry and we can use relation (|1.23p to 
deduce that 



(1.25) 



Hence, we have 

a,/3GA 

for any finite subset A of F+ and Ca^p G C 



< 



J2 Co.,pW^W*p 

a,l3<£A 



Q,/3eA 



< 



a, /? G A. Taking r ^ 1, we deduce that 



If 5 G spa.n{WaW^; a, f3 E ¥+}, we define 

(1-26) ^f^rig):^ \im qk{T,,T*), 

k — *oo 

where the limit is in the norm topology and {qkiWi.W*)}'^^-^ is a sequence of 
"polynomials" of the form Ca^pWaW^ such that \\qk{Wi,W*) — g\\ 0, as 

k — !■ oo. Due to the inequality above, the operator '^f^xig) is well-defined and 

II*/,t(<?)|| < ||.9||. 

Now, the first part of the theorem follows from an operator matrix version of relation 
()1.25p and the considerations above. 

To prove the second part of the theorem, let g G span{H/QW^; a,(3 E F+} 
and let {qk{Wi, W*)}'^^^ be a sequence of polynomials in spanlVFaW^; a, /? G F+} 
such that ll'j'feCVFi, W^*) — f;|| ^ 0, as — > oo. Due to relation ()1.26p . we have 
"^f^rxig) ■= ViTak^ oo qk{rTi,rT*) in norm. On the other hand, relation ()1.25|) 
implies 

qkirT^.rT*) = K}^^T.{qk{W,, W*) ® In)Kf,rT 
for any fc G N and r G (0, 1). Consequently, we have 

(1.27) «'/,rT(5) = K}^^j.{g(g,lH)Kf,rT. 
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Now, let e > and m e N such that ||(jm(Wi, W*) - 5II < §. Due to the first 
part of the theorem, we have 

\\^f,T{9)~qmm,T*)\\ < \\g~qm{W.,wn\\ < I 

and 

\\^fM9)~qrn{rT,,rTn\\ < h - qrn{W,,Wn\\ < |. 

On the other hand, since qm{Wi,W*) has a finite number of terms, there exists 
6 G (0, 1) such that 

\\qm{rT,,rT*) ~ qm{T^,T*)\\ < - 
for any r E {S, 1). Now, using these inequahties and relation (|1.27p . we deduce that 

||*/,t(<?) - ^;,rT(5 In)Kf,rT\\ = \\'^f,T{9) - "^f^rrig^ 

< \\^f,T{9)-qmm,T*)\\ 

+ \\q-rn{Ti,T*) - q^(rTi,rT*)\\ 

+ \\q,nirT,,rTn~^fM9)\\ 
e e e 

for any r G 1). This proves (ll.24p and completes the proof. □ 

Corollary 1.5. Let {Ai, . . . , A„) he in B{HY . Then {Ai, . . . ,^„) is in the 
noncommutative domain 'Df{TC) if and only ij the map 

$ : A. ^ B{rL), Hp{Wi, . . . , Wn)) = p{Ai, . . . , An) 

is completely contractive. 

An n-tuple of operators (^1, . . . , An ) G i?(7i)" will be called completely polyno- 
mially bounded with respect to the noncommutative disc algebra Ani'Df) if there is 
a constant C > such that, for all m G N and all m x to matrices [pij (Wi , . . . , Wn)] 
with entries in VniWi, . . . , Wn), the set of all polynomials in Wi, . . . , Wn and the 
identity, we have 

\\[pijiAi, . . . , AO]||a/„,(SCH)) < C\\[p.,j{Wu . . . , Wn)]\\Mrr,(A„(Vf))- 

In [62 1 , V. Paulsen proved that an operator A G B{Ti) is similar to a contraction 
if and only if it is completely polynomially bounded. In what follows we will extend 
this result to our setting. 

Theorem 1.6. Let {Ai, . . . , An) be in B{H)". Then there is an n-tuple of 
operators (Ti, . . . , r„) G 'Df{Tl.) and an invertible operator X such that 

Ai ~ X^^TiX, for any i — 1, . . . ,n. 

if and only if the n-tuple {Ai,...,An) is completely polynomially bounded with 
respect to the noncommutative domain algebra Ani'T'f)- 



Proof. Using Theorem 11.41 and Paulsen's similarity result [62], the result 
follows. □ 

Corollary 1.7. A representation $ : An{1^f) B{'H) is completely bounded 
if and only if it is given by = XTiX~^, i = 1, . . . , n where (Ti, . . . , T„) G 

T>f{T-L) and X is an invertible operator. 
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Now, we identify the characters of the noncommutative domain algebra An (2?/ ) ■ 
Let A = (Ai, . . . , A„) be in I?/(C), where 

VfiC) := } (Ai,...,A„) e : ^ a„|A„|2 < 1 I , 
[ l"l>i J 

and define the evaluation functional 

^x:Vn{Wi,...,Wn)^C, $a(p(VKi,...,W„)) -p(Ai,...,A„). 

According to Theorem II. 4) we have 

b(Ai,...,A„)| = |b(Ai/c,...,A„/c)|l < \\p{Wi,...,Wn)\\. 

Hence, <I>a has a unique extension to the domain algebra yl„(I?/). Therefore ^\ is 
a character of Ani'Df)- 

Theorem 1.8. Let Ai^^^p/) tf^^ set of all characters of Ani'Df). Then the 

map 

* :I?/(C) ^M^„(i,,), «'(A)=$A 
is a homeomorphism of'Df{C) onto Mj^^ij^^y 

Proof. First, notice that ^ is one-to-one. Indeed, let A := (Ai, . . . , A„) and 
pL := {pi, . . . ,/!„) be in I?/(C) and assume that ^'(A) = ^'(/i). Then, we have 

A, = <^>x{W^) = $^(Wi) = for i = 1, . . . , n, 

which implies X ~ p. Now, assume that $ : Ani'Df) ^ C is a character. Setting 
Ai :— ^{Wi), i — 1, . . . ,n, we deduce that 

$(p(PFi,...,iy„))=p(Ai,...,A„) 

for any polynomial p{Wi, . . . , Wn) in yl„(I?/). Since $ is a character it follows that 
it is completely contractive. Applying Corollary 11.51 in the particular case when 
Ai :— Xilc, i — I, . . . ,n, it follows that (Ai/c, . . . , A„/c) £ I?/(C). Moreover, since 

<^{p{Wi, ...,Sn))^ p(Ai, . . . , A„) = ^x{p{Wi, . . . , Wn)) 

for any polynomial p{Wi, . . . , Wn) in Ani'Df), we must have $ — 

Suppose now that A" := (A",..., A"); a €E J, is a net in 'Df{C) such that 
limQ,gj A" = A := (Ai, . . . , A„). It is clear that 

\im<^>x4p{Wi,...,Wn)) = limp(A?,...,A^) =p(Ai,...,A„) =$Ab(W^i,...,W^„)) 

for every polynomial . . . , Wn)- Since the set of all polynomials P„(W^i, . . . , W„) 

is dense in Ani'Df) and supQ,gj ||$a°|| < 1, it follows that ^ is continuous. On the 
other hand, since both I?/(C) and are compact Hausdorff spaces and \l/ is also 
one-to-one and onto, the result follows. The proof is complete. □ 

Due to Proposition ll.il it is clear that TZn{T>f) — U*An{'Dj)U. Consequently, 
all the results of this section can be written for the algebra TZnCDf). 
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1.3. The Hardy algebra F^[Vf) 



In this section, we introduce the Hardy algebra F^{Vf) (resp. R^iVf)) as- 
sociated with the noncommutative domain 'Df and prove some basic properties. 
In particular, we show that F!^{T)f) is semisimple and coincides with its double 
commutant. 

Let Lp{Wi, . . . ,Wn) = cpWij be a formal sum with the property that 

< where the coefficients bp, /3 G F+, are given by relation (II. 2|) . 

Using relations (|1.3p and (|1.7p . one can see that ^ cpWf}{p) E F'^{Hn) for any 

/3eF+ 

p E V, where V is the set of all polynomial in F'^{Hn). Indeed, for each 7 e F+, we 
have X cpWplej) = ^ V^^P-y 8i.nd, due to relation (|1.3p . we deduce that 



/3eF+ 



00. 



/36F+ 



If 



sup 

pe-p, ||p||<i 



E 

/3eF+ 



Cj}Wp{p) 



< 00, 



then there is a unique bounded operator acting on F^(Hn), which we denote by 
ifiWi, . . . , Wn), such that 

Lp{Wi, Wn)p = E C/3M^/3(p) for any pEV. 

/3eF+ 

The set of all operators ip{Wi , . . . ,Wn) G B{F'^{Hn)) satisfying the above men- 
tioned properties is denoted by F^^iVf). When f = Xi + ■ ■ ■ + Xn, it coincides 
with the noncommutative analytic Toeplitz algebra F^ , which was introduced in 
[70 in connection with a noncommutative multivariable von Neumann inequality. 
As in this particular case, one can prove that is a Banach algebra, which 

we call Hardy algebra associated with the noncommutative domain "Df. In Section 
ll.4i we will show that F!^{T>f) is the VFOT-closure (resp. S'OT-closure, ■u;*-closure) 
of all polynomial in Wi , ■ ■ ■ , Wn and the identity. 

In a similar manner, using the weighted right creation operators associated 
with T>f, one can define the corresponding the Hardy algebra R'^{'Df). More 
precisely, if (7(Ai, . . . , A„) = ^ is a formal sum with the property that 

/5eF+ 

S/3eF+ I'-Z'I^SJ wl^ere the coefficients b^, a e F+, are given by relation (|1.2p . 

and such that 



sup 

peT',||p||<i 



E c^^/3(p) 



< 00, 



then there is a unique bounded operator on F'^{Hn), which we denote by ^(Ai, . . . , A„), 
such that 

5(Ai, . . . , A„)p = ^ c^A/3(p) for any peV. 

/3eF+ 
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The set of all operators ^(Ai, . . . , A„) e B{F^{Hn)) satisfymg the above mentioned 
properties is denoted by R^iVf). 

Proposition 1.9. Let {W[^\ wi^^){resp. {K[^\ . . .,h-^r!^)) he the weighted 
left (resp. right) creation operators associated with the noncommutative domainVf. 
Then the following statements hold: 

(i) F^fiVfY = U*(F^{V^))U = R^{Vf), where ' stands for the commutant 
and U e B{F'^{Hn)) is the unitary operator defined by Ilea — ea, a & F+; 

(ii) F,f (P;)" = F,fiVf) and R^(Vj)" = R^{Vf). 

Proof. Due to Proposition O we have U*{F^{Vj))U = R'^{'Df). Since 
^(/)^(/) ^ h^pwl:^^ for any i,j = 1,.. .,n, it is clear that R^{Vf) C F^iVj)'. 
To prove the reverse inclusion, let A G F^{'Df)' . Since ^(1) G F'^{Hn), we have 
A{1) = X]/3GF+ ^p'^^^f) f'^'^ some coefficients {c^}j.+ with X]/3gF+ 

the other hand, since AW^^^ = W^^^ A for i 1, . . . , n, relations pTT]) and pTT^ 
imply 




= H c^A/3(ea). 

/3eF+ 



Therefore, = X^^geF '^/3^/3(9) ^'^y polynomial q in in the full Fock space 

F^{Hn)- Since A is a bounded operator, (7(Ai, . . . , A„) := X]/3eF '^p-^P 
RnC^f) and A = 5(Ai,...,A„). Therefore, R^iT^f) = F^{T^f)'- The item (ii) 
follows easily applying part (i). This completes the proof. □ 

As in the particular case when / = A"i + • • • + Xn (see [73], |79j ). one can use 
Proposition ll . 91 to show that if M : F^(iJ„)(8)?i — ^ F'^{Hn)®K. is an operator such 
that M{W^®IH) = {W^®Ik)M for any i = 1, . . . , n, then M € R"^ {V f)^B{H, IC) 
and has a unique formal Fourier expansion X]aeF+ ®(") ® some coefficients 

0(a) G B{'H,IC), with the property that M acts like its Fourier representation on 
vector-valued polynomials in F^{Hn) ^Ti- The operator M is called multi-analytic 
with respect to Wi,...,Wn- Similar results can be obtained for multi- analytic 
operators with respect to Ai, . . . , A„ 

In what follows, we employ some ideas from |37| to extend some of the results 
obtained by Davidson and Pitts, to our more general setting. 

Theorem 1.10. The following statements hold: 

(i) The Hardy algebra F^{T>f) is inverse closed. 

(ii) The only normal elements in F!^{T>f) are the scalars. 

(iii) Every element A € F^{T>f) has its spectrum cr(A) ^ {0} and it is injec- 
tive. 

(iv) The algebra F^{T>f) contains no non-trivial idempotents and no non-zero 
quasinilpotent elements. 

(v) The algebra F^{Vf) is semisimple. 
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(vi) If A e F,f{Vf), n>2, then a{A) = cre(A). 



Proof. The first item follows from Proposition 11.91 part (ii), using the fact 
that F^{Vf)" = F^{Vf). To prove (u), let ip{Wi, . . . , Wn) := EaeF+ ^aW^a be in 
F^{'Df). Using relation ([LT]) . we have 

(^(W^i,...,W^„)l,l) =co and . . . , iy„)*l = cqI. 

By normality, (p{Wi, . . . , W„)l = cqI. Using now relation (|1.12[) . we have A^(l) — 
-^e^ for a e ¥+. Since (p{Wi, W„)A, = Ai(^(VFi, . . . , Wn), i = l,...,n, we 

deduce that 

>f{Wu . . . , Wn)e0 = v^(^(VKi, . . . , W„)A^(1) 

= ^A^ipiWi,...,Wn){l) 

= cov/^A^(l) = coep. 

Therefore, (p{Wi, . . . , Wn) = cqI. Now we prove (in). Assume that (p{Wi, . . . , Wn) 
is a nonzero element in F^(I)f). As above, we have 

ip{Wu...,Wn)efj = ^A^ipiWi, . . . ,Wn)il) 

for any /? G F+. This implies ipiWi, Wn)ep = Y.a&t vfc^" ^ ^' ^^o^'^*' an 



element 7 £ F+ of minimal length m \^\ such that ^ 0. Using relation (|1.7p . 
we can prove by induction that, for each fc G N, 



ipiWi,...,Wn)''il) = c: 



E 



/3#7M/3|>l7l'= 

for some constants d^^k- Hence, we deduce that 

\\ipiWi,...,Wn)\\'^'' > \{ip{Wi,...,Wn)'l,e^.)\ 

= Ic. ■ ' ^ ^ 



1/fc 



Due to |87j and the results of Section [TTTl since g{rSi, . . . , rSn) = J2ae¥+ ^ar^^^Sa 
is convergent for some r > 0, the radius of convergence R of the power series 

/ Nl/2fc 

J2ae¥+ ^<^-^a is strictly positive and = 1™^^? ( S|a|=fc 1^"!^ 1 • Therefore, 

fc — s-OO ^ 

we have 

l/(2fcm 

limsup 



k — *oo 



< limsup 

k — ^00 




< 



Hence, there exists N such that Ife^fcl^/*^ < for any k> N. Combining this 
with the above inequalities, we obtain . . . , W„)||^/'^ > |c^|i?"'/^ for k > N. 

Consequently, the spectral radius of the operator (p{Wi, . . . , Wn) is greater than or 
equal to Ic^li?'"/^ > q, which shows that a{Lp{Wi,. . . , Wn j) ^ {0}. 

To prove injectivity of ip{Wi, . . . ,Wn), let x := Z]aeF+ ^ F^{Hn) be 
nonzero and let a G be a word of minimal length such that da 0- It is clear 
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that 



7^0. 



Therefore (p{Wi, . . . , Wn) is injective. Now, it is clear that (iii) =4> (iv) and (iv) ==J> 
(v). It remains to prove (vi). The impUcation cre{A) C a (A) is obvious. To prove 
(J (A) C ae{A), it is enough to show that G cr{A) imphes G (Te{A). Since A is 
injective, we may assume that G cr(A) and range A is a closed and proper subspace 
of F'^{Hn). Notice that due to the fact that the subspace X]^|=fc ^ct(-F^(iJ„)) is 
invariant under A :— (p{Wi, . . . , Wn), we have 

(1.28) ^^A„(F2(i/„))jf|span{e0 : < fc - 1} = 0. 

Now, we prove that 



(1.29) 



A 



\a\=k 



A^iF^Hn))] fjspanle^ : |/3| - k} = {0}. 



Let X := J2 cLaS-a = ^ S AaU^a) ) for some vectors yi^a) S F'^{Hn)- If /? € F+ 
and 1/3 1 = fc, then, due to relation p.l2p . we have 



1 



,|a|=fc 



where 



|a|=fc 

= DpAy^^a) 

= A^A^ is the diagonal operator on F^(iJ„) satisfying the relation 
Dj^{ea) — j^^a: o. e F+. Notice that the constant 1 is not in the range of A 
because 1 is cyclic for {A^ : a € F+} and AAi = A^A, i = 1, . . . ,n, which would 
contradict that the range of A is proper. Consequently, we must have Ay^j^s^ = 
daCa, where da = Q for any a € F+, or at least one 7 € F+, I7I > 1 is such 
that d^ ^ 0. In the first case, the above calculations show that = 0. In the 
second case, we have 



1 



a/3- 



Dp 



y daCa \ = da-r^ep. 



\ae¥ 



Since daj^ ^ 0, we got a contradiction. Therefore, we have ap = for any (3 G F+ 
with \f3\ — k. This implies x = 0, which proves relation (|1.29p . Using relations 
and (fL^ . one can see that 



dim 



range span {ea : \a\ < k} 



< l + n + n^ 



24 



GELU POPESCU 



Hence the range of A has codimension at least n'^ for any fc e N. This shows that 
the range of A has infinite codimension and, consequently, G ae{A). The proof is 
complete. □ 



1.4. Functional calculus for n-tuples of operators in Vf 

In this section, we obtain an F!^{T>f)- functional calculus for completely non- 
coisometric n-tuples of operators in the noncommutative domain TDf. 

Let T :— (Ti, . . . , r„) be an n-tuplc of operators in the noncommutative domain 
VfCH), i.e., QaTaT* < I-j-c, and define the positive linear mapping 

|q|>1 

$/,r : B{n) ^ B{n) by $/,t(^) = ^ a^T^XT*, 

|a|>l 

where the convergence is in the weak operator topology. The n-tuple T e I?/(7i) 
is called completely non-coisometric (c.n.c) with respect to VfiH) if there is no 
vector h G H, h ^ 0, such that 

h) = \\hf for any m = 1, 2, . . . . 

According to Section [TT2j we have 

\\Kf,Th\\^ = \\h\\^~\\Qyp\\\ hen, 

where Q/,t := SOT- limm_^oo 'I'/V(-^) ^f,T is the Poisson kernel associated 
with T and I?/. As a consequence, one can easily prove the following. 

Proposition 1.11. An n-tuple of operators T (Ti,...,T„) e 'Df{H) is 
c.n.c. if and only if the noncommutative Poisson kernel Kf_T is one-to-one. 

We recall from Section 11.21 the following property of the Poisson kernel: 
(1-30) Kf^rT* = iW*(^In)Kf^T, z = l,...,n, 

wherer {Wi, . . . , Wn) are the weighted left creation operators associated with Vf. 
Now, we can prove the main result of this section. 

Theorem 1.12. LetT := (Ti, . . . ,r„) e B{H)"' be a completely non-coisometric 
(c.n.c.) n-tuple of operators in the noncommutative domain "DfiT-L). Then 

(1.31) 5(Ti,...,r„) :=S0T-lim(7,(Ti,...,T„) 

exists in the strong operator topology of BiT-L) for any g = (^(Wi, . . . , W„) € 
F^iVf), and the mapping 

^■.F^{Vf)^B{n) defined by $(5) := (?(ri, . . . , T„) 

has the following properties: 

(i) <i> is WOT- continuous (resp. SOT-continuous) on bounded sets; 
ill) ^ is a unital completely contractive homomorphism; 

(iii) <i> coincides with the Poisson transform 4'/,t ■ F!^{T>f) — > B{Ti.) defined 
by 

^f.rig) :=SOT- \im K} .^ig (g> In) K f^rT- 
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In particular, ifT is of class Co, then 

^g) := 5(Ti, . . . ,T„) = Kj^^ig ® In)K f,T 
for any g £ F^'{'Df), and $ is w* -continuous. Moreover, 

5(ri, . . . ,T„)* = SOT- lim griTu. . . 

) — >i 



Proof. First, we shall prove that the limit in (|1.3ip exists for the n-tuple of 
weighted left creation operators W := {Wi, . . . , Wn) G V f{F'^{Hn)) and, moreover, 
that 



(1.32) 



g{W^, . . . , W„) = SOT- limgt(TFi, . . . , W„) 



for any g{Wi, . . . ,Wn) := E C/jVF^ £ F^{T^f)- According to Section O the 
operators {VF/3}|^|=fc have orthogonal ranges and WWpW = —j=, /3 G F+. Conse- 



quently, 



< 1 for any k — 0, 1, . . .. Hence, and using the fact that 



J2 \^fj\ IT ^ deduce that, for < i < 1, 



/c=0 



l/3|=fc 



fc=0 \|/3|=fc 

\/3eF+ 



1/2 



E 

|/3| = fc 



1/2 



1/2 



< oo. 



which proves that gt{Wi , . . . , Wn ) is in the noncommutative domain algebra An (2? / ) 
and 



(1.33) 



lim y il"lc„W„ =5t(VFi,...,W^„), 



|q|<t 



where the convergence is in the operator norm. 

Fix now 7, CT, e G F+ and denote p(W^i, . . . , Wn) 

WpCj = for any /? G F+ with |/3| > I7I, we have 

griWi, . . . , WnTe^ = p,(iyi, . . . , Wn)*e^ 



J2 CfiWp. Since 

/3eFi,l/3|<|7l 



for any a G F+ with |q;| < I7I and any r G [0, 1]. On the other hand, using relation 
P3D)1 when T ^rW,we obtain 



K}^rWPT{Wi,...,WnT = [p{Wi, . . . ,Wn)* ® If\H„)\K f,rW 
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for any r E [0, 1). Using all these facts, careful calculations reveal that 

{Kf^rWgr{Wi, . . . ,Wn)*ej,ea Be) 

= {Kf^rWPr{Wi, Wn)*ej, «) 6^) 

= {[{p{Wi, . . .,Wn)* «) lF^H„))]Kf^rWej,ecr (81 Ce) 

= E r\^^Vh{9{Wi,...,Wnrep,e,){w;e^,Af,rwee) 

for any r G [0, 1) and 7, cr, e G F+. Hence, since gr{Wi, . . . , Wn) and g{Wi, . . . , W„) 
are bounded operators, we deduce that 

Kf,rW9r{Wi, Wn)* = [g{Wi, . . . , Wn)* ® I p2 (h ^)\K f ,rW ■ 

Consequently, since the n-tuple rW := {rWi, . . . ,rWn) € 'Df{F^{Hn)) is of class 
Co, the Poisson kernel Kf^rW is an isometry and therefore, 

(1.34) \\griWi,...,Wn)\\<\\g{Wi,...,Wn)\\ for any re [0,1). 

Hence, and due to the fact that g{Wi, . . . , Wn)p = lim gr{Wi, . . . , Wn)p for any 
polynomial p in i^^(iJ„), we deduce relation (|1.32p . 

Let {^fc}^]^ be an increasing sequence of positive numbers which converges to 
1. Since gr^{Wi,...,Wn) = E E ?-L"'caW^a, where the convergence is in the 

m=l \a\=m 

uniform topology (see (|1.33p ). we can find a polynomial Pk{Wi, . . . , Wn) such that 

\\gr,iWi,...,Wn)-pk{Wi,...,Wn)\\<l for any fc = l,2,.... 
Using relation (|1.32p . it is easy to see that 

g{Wi, ...,Wn)^ SOT- lim pk{Wi, . . . , W„). 

k — *oo 

Since the WOT and w* topology coincide on bounded sets, the principle of uniform 
boundedness implies 

g(VFi,...,W„) = WOT- lim pk{Wu . . . ,Wn) ^ w*- lim pfe(VKi, . . . , W„). 

A; — >oQ k — '■00 

On the other hand, since F^{Vf) = R^{Vf)', it is clear that F^{Vf) is WOT- 
closed. Now, one can easily see that F^{T>f) is the SOT-(resp. WOT-, w*-) closure 
of all polynomials in Wi , . . . , Wn and the identity. 

The next step is to prove that, if T := (Ti, . . . , r„) G X'/(H), then 

(1.35) K}^^T{g{W^, ...,Wn)®In)^ 9r{Ti, . . . , Tn)K}^^^ 

for any g{Wi, . . . ,Wn) G F^{Vf) and < r < 1. To this end, notice that the 
relation (|1.30p implies 

(1.36) K}^,r[piWi, ...,Wn)^lH]^ pirTi, . . . , rTn)K}^rT 
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for any polynomial p{Wi, . . . , Wn) and r G [0, 1). Since rT := (rTi, . . . , rT„) G 
Vf{n), relation (fO^ and Theorem [Ol imply 

lim V il"lrl"lc„T„ = gt(rri,...,rT,0 for any r, t G [0, 1), 

m — >oo ^ — ^ 

|Q|<m 

where the convergence is in the operator norm topology. Using relation (jl.36p . 

m 

when p{Wi, . . . , Wn) := X) S t^^^CaWa, and taking the limit as m ^ oo, we get 

k=0 \a\ = k 

(1.37) K},^T[9tiWi, . . . ,Wn) (E> In] = 9t{rT^. ■ ■ ..rT^)K},^T- 
Now, let us prove that 

(1.38) }ragt{rTi, . . . ,rT„) = g,(Ti, . . . ,r„), 

where the convergence is in the operator norm topology. Notice that, if e > 0, there 
is mo e N such that i rA \\g{Wx, . . . ,Wn){l)\\ < f. Since (Ti,...,r„) e 
VflH), Theorem II .41 implies 





< 




< 1 


|/3|=fc 









Now, we can deduce that 



cso 




OO 




1/2 








< E-'^ 


1 


E ^/5^/3^/3* 


k—mo 


\f3\=k 






\f3\=k 



1/2 



< E ll5(T^i,---,W'„)(l)|| <i. 



\k—mQ 



Consequently, we have 



fc=0|Q| = fc k=0\a\=k 



< 



mo — 1 



5^ 5] r\t'^-l)cpTi, 

k=l \p\=k 
rno-l 

< ^ r^-(i'-l)ll5(M^i,---,W/n)(l)ll+e- 



Now, it clear that there exists < (5 < 1 such that 

mp- l 

r\t'' -l)MWi,...,Wn){l)\\<e for any te{5,l), 



fc=i 



which proves (|1.38p . Since the map Y ^ Y ® In is SOT-continuous on bounded 
sets, relations (|1.32p and (|1.34p imply that 

SOT- lim gr{Wi, . . . , W„) ® /„ - g{Wi, . . . ,Wn) ® In- 



Using relation p.38p and taking the limit, as t ^ 1, in (|1.37p . we deduce (|1.35p . 
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Since the operator gr{Wi, . . . ,Wn) is in the domain algebra An{'Df) and the 
sequence J2k=o 12\a\=k CaT^^^Wa is convergent in norm to gr{Wi, . . . , Wn), as m ^ 

oo, Theorem 11.41 and relation (|1.34p imply that ^ ^ Car^^^T^ is convergent in 

k=0 \a\ = k 

norm to gr{Ti, . . . , Tn), as to — > cx3, and 

(1.39) ||5r(Ti,...,r„)|l < \\gr{Wu...,Wn)\\ < ||.9(W^i, . . . , W^„)|| 

for any r G [0, 1). Since T^Kj j, — K*^ ^{Wi In), i — I, ■ ■ ■ ,n, we deduce that 

(1.40) grin, T„)K}j. = K}^^{gr{Wi, . . . ,W„) ® In) for any r e [0, 1). 

Taking r ^ 1 in relation (|1.40p , we deduce that the map A : range j, ^ Ti, 
given by Ay :— lim gr(Ti, . . . , Tn)y is well-defined, linear, and 

\\AK}^j.ip\\ < lim sup hriWi, . . . , Wn)\\\\K}^M < \\g{Wi, . . . , Wn)\\\\KlT^\\ 

for any ^ G F^{H,i) «i H. 

Now, assume that T — (Ti, . . . , T„) G VfiH) is c.n.c. According to Proposition 
ll.lli the Poisson kernel /^/,t is one-to-one and therefore the range of Kj rp is dense 
in Ti.. Consequently, the map A has a unique extension to a bounded linear operator 
on H, denoted also by A, with ||A|| < ||5(lVi, . . . , W„)||. Let us show that 

lim gr{Ti, . . . , T„)/i — Ah for any h Cz Ti.. 

r— »1 

To this end, let {yk}'kLi be a sequence of vectors in the range of KfX' which 
converges to y. Due to relation (|1.39p . we have 

\\Ah~gr{Ti,...,Tr,)h\\ < \\Ah~Ayk\\ + \\Ayk-gr{Ti,...,Tn)yk\\ 

+ \\9r{Ti, . . .,T„)yk - gr{Ti, . . .,T„)h\\ 
< 2\\g{Wi, Wn)\\\\h^ ykW + \\Ayk ~ gr{Ti, T,M. 
Now, since lim gr{Ti, . . . , Tn)yk = Ayk, our assertion follows. Denoting the opera- 
tor A by g(Ti, . . . , T„), we complete the proof of relation (|1.3ip . 
Due to relation (|1.35|) . we have 

(1.41) grin, . . . , r„) = K} ,^[g{Wi, . . . , W„) ® In]Kf,rT, 

which together with (|1.31[) imply part (iii) of the theorem. Now, using (|1.3ip . 
the fact that ||(?r(W^i, ■ • ■ , < 115(^^1; ■ • ■ j l^n)lli a-nd taking r ^ 1 in relation 

(|1.40|) . we obtain 

(1.42) gin, n)K}j, = K}^^[giWi, ...,]¥„) (g> In]- 

To prove part (i), let {gi{Wi, . . . , W„)} be a bounded net in F^iVj) which is 
WOT (resp. SOT) convergent to an element giWi, Wn) € F^iVf). Then, due 
to standard facts in functional analysis, the net giiWi, . . . , Wn)'E)In is WOT (resp. 
SOT) convergent to giWi, . . . , Wn) <8i In- On the other hand, as shown above, 
||5,(ri,...,r„)|| < \\g,iWi,...,Wn)\\ and, consequently, the net {g^in, . . . ,Tn)} 
is bounded. Now, one can use relation (|1.42p . the fact that the range of Kjt is 
dense in Ti, and a standard approximation argument to deduce that gtin, . . . , T„) 
is WOT (resp. SOT) convergent to gin, . . . , T„). 
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To prove part (ii), notice that since Kf_rT is an isometry, relation (|1.4ip implies 



(ri,...,r„)] 



kxk 



< 



[n,iWl,...,Wn)l 



kxk 



for any operator-valued matrix [fij{Wi, . . . , Wn)]f.y^f. in Mk{F^ {V f)) and r e [0, 1). 
Due to the first part of this theorem, SOT- lim(/„)r(ri, . . . , T„) = f^ATl, . . . , T„) 

for each j — 1^ . . . ^ k. Now, one can easily deduce that 



[/.,m,...,T„)] 



fcx fc 



< 



[f,,{Wi,...,Wn)], 



xfc 



Since $ is a homomorphism on polynomials in F^'{'Df), the WOT-continuity of 
$ and the WOT-density of the polynomials in F^{'Df) shows that $ is also a 
homomorphism on F^{T>f). 

Now, assume that T is of class C.q. Then the Poisson kernel i^/,T is an isometry 
and the map 

where g{Wi, . . . , Wn) S F^{T>f), coincides with $ on polynomials. Since the poly- 
nomials are sequentially WOT-dense in F^{'Df), and "if fT and <i> are WOT- contin- 
uous on bounded sets, one can use the principle of uniform boundedness to deduce 
that 5'/,T = ^- The w* continuity of $ is now obvious. 

Finally, to prove the last part of the theorem, notice that if g{Wi, . . . , Wn) = 
J2 ^aWa G P,T(Vf)j then using relation (|1.32p . we deduce that for every /3 g F+ 

ae¥+ 

and y G F^{Hn), we have 



{g{Wi,. . . , WnTep, y) = (e^, 5 • • • , Wn)y) 

= ( ^ CaWay 

\ QeF+,|Q|<|/3| / 
= / ^ CaW^ef3,y 

\aeF+,|Q|<|/3| I 



Therefore, 



and 



ae¥t,\a\<\f3\ 

girWi,...,rWnTef3^ I ^ r^'^^CawA ep. 

\aeF+,|a|<|/3| / 

Using the last two equalities, we obtain 

lim g{rWi, . . ..rWuTep = g{Wi, Wn)*ep 

for any (3 G F+. On the other hand, using relation (|1.34p and the fact that the 
closed span of all vectors Cq, /? S F+, coincides with F^{Hn), we deduce (using 
standard arguments) that 

(1.43) SOT- lim 5(rVKi,...,rW„)* =5(1^1,..., W„)*. 

r— >1 
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If T is of class Co, then 
and 

5(rTi, . . . , rr„) := Kf^T{g{rWi, rWn) ® In)Kf^T. 
Using again that \\g{rTi, . . . , rT„)|| < \\g{Ti, . . . , T„)|| and relation (|1.43[) . we com- 
plete the proof. □ 

Corollary 1.13. The Hardy algebra F^{Vf) is the w* - (resp. WOT-, SOT-) 
closure of all polynomials in Wi , ■ ■ ■ , Wn and the identity. 



1.5. The noncommutative variety V/,j and a functional calculus 

In this section, we obtain a functional calculus for n-tuples of operators in 
noncommutative varieties V/.j generated by w* -closed two sided ideals of the Hardy 
algebraic- (2?/). 

Let J be a w*-closed two-sided ideal of F^(Vf). Denote by F,f{Vf,.j) the 
w*-closed algebra generated by the operators Bi := Pj^jWi\J\fj, i = 1, . . . ,n, and 
the identity, where 

Mj -.^ F\Hn)eMj and Mj JF^{H„). 

Notice that Mj {95(1) : if ^ J} and Afj — f] kcr ip* . 

ipeJ 

The following result is an extension of Theorem 4.2 from [7] to our more general 
setting. Since the proof follows the same lines, we shall omit it. 

Theorem 1.14. Let J be a w*-closed two-sided ideal of the Hardy algebra 
F^{Vf). Then the map 

T:F^{Vf)/J^B{Mj) defined by + J) = P^^,ipWj 

is a w* -continuous, completely isometric representation. 

Since the set of all polynomials in Wi, . . . , Wn and the identity is w* -dense in 
F^{Vf), Theorem [LTI implies that Pj^,F^{Vf)\j^j is a w;*-closed subalgebra of 
-B(A/j) and, moreover, -F^(V/,j) = Pj\f , F!^^ {V f)\j^j . Now, one can easily deduce 
that 

(1.44) F-(V/,j) = {5(i?i,...,i?„): g{W^, . . . ,Wn) & F^{Vf)}, 

where g{Bi, . . . , Bn) is defined by the (I?/ )-functional calculus of Section [L4l 

Let 7i be a separable complex Hilbert space, J be a -closed two-sided ideal 
of F^{Vf), and let T := (Ti, . . . ,T„) e Vf{n) be a c.n.c. n-tuple of operators. 
We say that T is in the noncommutative variety V/^,/(7i) if 

<p{Ti, . . . , T„) = for any ip G J. 
The constrained Poisson kernel associated with T € Vf.jiTi-) is the operator 

Kf,Tj ■■'H'^M.j® Af^rCH) defined by Kf^T,j := (^Vj «) In)Kf,T, 
where Kj t is the Poisson kernel given by (ll.20p . 

The next result provides a functional calculus for c.n.c. n-tuples of operators 
in noncommutative varieties V/,j(7i). 
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Theorem 1.15. Let T {Ti, . . . , Tn) £ B{T-LY^ a c.n.c. n-tuple of operators 
in the noncommutative variety Vf,j{Ti.), where J is a w* -closed two-sided ideal of 
F^{Vf). Then the map 

■^f,T,j ■■ F^nVfj) ^ BiH), ^f,T,ji9iBu • • • , Br,)) g{T,, . . . , r„), 

where g{Ti, . . . ,Tn) is defined by the F!^ {T) f)- functional calculus, has the following 
properties: 

(i) f,T.j is WOT- continuous (resp. SOT-continuous) on bounded sets; 

(ii) f,T.j is a unital completely contractive homomorphism. 

Moreover, the Poisson transform f^T,j is uniquely determined by the relation 

^f,T,j{g{Bu . . .,Bn))K}^j,j = K}^j,j[g{Bi, . . . ,S„) ® /„], 

where Kf^T,j is the constrained Poisson kernel associated with T G V/^j(7i). 
In particular, if T is of class C.q, then the Poisson transform 

A/,T„/ : B{Mj) -> B{n), Af,T,j{X) := K} r^ j{X ® I)Kf,T,j 

is w* -continuous and has the properties: 

(iii) A/,T„/(g(i3i, . . . , B„)) = giTi, . . . , T„) for any g{Wi, . . . ,Wn) G F^{Vf); 

(iv) A/,t„/(S„B;) = T„T^ for any € F+. 

Proof. Note first the the map f^xj is well-defined. Indeed, let g{Wi, . . . , Wn) 
and ip{Wi, . . . , Wn) be in F^{T>f) and assume that g{Bi, . . . , Bn) ~ 4'{Bi, ■ ■ ■ , -B„). 
Using the F^(I?y)-functional calculus, we obtain 

Paa, {g{Wi, . . . , w,0 - . . . , Wn))W,, - 0. 

Due to Theorem [m we have g{Wi, . . . , Wn) - ij{Wi, Wn) e J. On the other 
hand, since (Ti, . . . , r„) is a J-constrained n-tuple of operators, i.e., ip{Ti, . . . , r„) = 
for (/3 € J, we deduce that g{Ti, . . . , Tn) = ip(Ti, . . . , r„), which proves our 
assertion. 

The next step is to show that (?(Ti, . . . , r„) satisfies and is uniquely determined 
by the equation 

g{T,, . . . ,T„)i^;,T,j = KlrAgiBi, • • • , i3„) ® In] 

for any g{Bi, . . . , e F^{Vf,j), where K'j: 7- j is the constrained Poisson kernel 
associated with T e Vf^j{H). 

According to Theorem ll.121 (see relation (|1.42[) ). we have 

(1.45) {{ipiWi,...,Wn)* ®In)Kf^Th,l®k) = (if/,T</?(Ti, . . . , r„)*/i, 1 ® fc) 

for any ^p(Wi, . . . ,Wn) € F,f{Vf) and h,ken. Note that if ip{Wi, . . . , W^„) G J, 
then f(Ti, . . . , T„) = 0, and relation p.45p implies 

{Kf,Th,ipiWu...,Wn){l)®k) =0 

for any /i, fc G Ti.. Taking into account the definition of Mj, we deduce that 
Kf,T{'H) C Afj (g) A/,t(H). This implies 

(1.46) Kf^T = [PMj ® In) Kf^T = Kf^rj- 

Since J is a left ideal of F^{T>f), the subspace Afj is invariant under each operator 
Wi, . .., W* and, therefore, Ba = PAfjWa\Afj, a G F+. On the other hand, since 



32 



GELU POPESCU 



{Bi, . . . , Bn) G Vf{JVj) is of class Co, we can use the F^(I?/)-functional calculus 
of Theorem 11.121 to deduce that 

(1.47) . . . , B„) = Pv,5 W, • • ■ , WnWj 

for any g{Wi, . . . , W„) € F,f{'Df). Taking into account relations ([Till . ([Qe]) . and 
(fLiTl , we obtain 

Kf^T,jg{Ti, ...,Tr,r = [Pm, ® In) Kf,TgiTi, T^y 

= [{P^.giWi, . . . , T4^„)|A0)* Kf,T,j 
= [5(Si,...,S„)*(8)/-h]X/,t,j. 

Therefore, we have 

(1.48) 5(Ti, . . . , r„)if|^j,,j = K}^r,j [9{Bi, ■ • ■ , B„) ® 
foranyff(Bi,...,i3„)eF-(V/,j). 

On the other hand, since T :— (Ti,...,T„) e VfiTi) is c.n.c. the Poisson 
kernel Kf,T ■ 'H F^{Hn) (8) A/^t(H) is one-to-one (see Proposition II .lip . Since 
Kf^Ti'H) (Z Afj (g) Af^rCH) and Kj^t^j = {Pj\fj ®In)Ks,T, we deduce that the 
constrained Poisson kernel Kf^T,j is also one-to-one. Consequently, the range of 
Kj T J is dense in H and the equation (|1.48[) uniquely determines the operator 
g{Ti, . . . ,r„). 

liifE J and g{Wi, Wn) € F^[Vf), then Theorem [1112 implies 

|lg(ri, . . . ,r„)|| - II (.9 ¥')(Ti, . . . ,t„)|| <\\g[Wi,..., w,,) + ^(T^i, . . . , w^„)||. 

Hence, and using now Theorem 1 1.1 4) we obtain 

115(^1, . . . ,r„)|| < dist(5(w^i, . . . , Wn), J) = \\PN,g{Wi, . . . , w^„)k,|| 

= ||5(Bi,...,B„)||. 
Similarly, we can show that 5'/,t,j is a completely contractive map. 

To prove part (i), let {gi{Bi, . . . , B„)} be a bounded net in F^{Vfj) which is 
WOT (resp. SOT) convergent to an element g{Bi, . . . , i?„) in the algebra F^(V/,j). 
Then, due to standard facts in functional analysis, the net gi{Bi, . . . , B„) I-j-^ is 
WOT (resp. SOT) convergent to g{Bi, . . . , B^) <S) In- 

On the other hand, as shown above, \\gi(Ti, . . . ,T„)|| < \\gi{Bi, . . . ,-B„)|| and, 
consequently, the net {gi{Ti, . . . ,Tn)} is bounded. Now, one can use relation 
(jl.48p . the fact that the range of Kj j is dense in Ti., and a standard approx- 
imation argument to deduce that gi(Ti, . . . ,Tn) is WOT (resp. SOT) convergent 
to g{Ti, . . . ,T„). 

Le us prove part (ii). First, note that we have already proved that ^ f^T,j is a 
completely contractive map. Due to relation ()1.48p . the map f,T,j is a homomor- 
phism on polynomials in i?i , . . . , _B„ and the identity. Using the WOT-continuity 
of f,T,j and the WOT-density of the polynomials in F^iVfj), one can deduce 
that f,T,j is also a homomorphisni on F^iVj,,}). 

Now, notice that if T is of class C.q, then the Poisson kernel Kf^T,j is an 
isometry and, due to ()1.48p . we have 

^f^TjiaiBi, . . . , B„)) KlTAgiBi, . . . , S„) ® In)Kf^Tj 

for any g{Bi, . . . , Bn) € F^{Vfj). The rest of the proof is now clear. □ 
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Theorem 1.16. Let J be a w* -closed two-sided ideal of F^(T>f) generated by 
some homogenous polynomials qi, . . . qd, and let T :— (Ti, . . . , T„) be an arbitrary 
n-tuple of operators in the noncommutative variety Vf^j{Ti.), i.e., qj{Ti, . . . ,T„) = 
for j = 1, . . . , n. Then the constrained Poisson transform 

*/,T,j :span{B„S; : a, /3 G F+} -> 

defined by 

■^f^T,.j{X) YiuiK}^T.j{X®In)Kf,rT,.j, 
where the limit exists in the operator norm, has the following properties: 

(i) 'ff^TjiBc^B*^) = Tc^T* for any a,(3e ¥+ . 

(ii) ^'/.T.J "is a unital completely contractive linear map. 

If, in addition, T is a c.n.c. n-tuple of operators in I?/(7i), then 

r7(Ti, . . . , r„) = SOT- lim K} j(g[B^, . . . , S„) ® In)Kf^rT,.j 

for any g{Bi, S„) G F^{Vf^j), where g{Ti, . . . , T„) is defined by the F^{'Df)- 
functional calculus. 

Proof. As in the proof of Lemma 2.11 from }86.] , we can use the fact that J 
is generated by homogenous polynomials to show that Kf^rri'H) C Nj ® Ti, and 

i^/,rT„/5r(Ti, . . . , r„)* = . . . , B„)* ® In)Kf,rTJ 

for any < r < 1 and g{Bi, .... i?„) e W(Bi, . . . , i?„). Since rT is of class Co, 
the constrained Poisson kernel Kf _rT,j is an isometry and, consequently, 

(1.49) grin, . . . , r„) = Kl^j. j{g{Bi, . . . , S„) ® lH)Kf^rT,j- 

Using this relation, the proof of (i) and (ii) is similar to that of Theorem 11.41 we 
should omit it. If T is a c.n.c. n-tuple of operators in T>f{'H), then Theorem II. 121 
shows that g(Ti,. . . ,Tn) = SOT- lim g^CTi, . . . , T„). Using again relation \TA9\ we 

deduce the last part of the theorem. □ 



1.6. Weighted shifts, symmetric weighted Fock spaces, and multipHers 

In this section we find the joint right spectrum of the weighted left creation op- 
erators (Wi, . . . , Wn) associated with the noncommutative domain Vf and identify 
the w*-continuous multiplicative linear functional of the Hardy algebra F^{T>f). 
We introduce the symmetric weighted Fock space F^{'Df) and identify the algebra 
-^n°0^f,Jc) of all its multipliers, which turns out to be reflexive. 

Let / = X]|q|>i o-aXa be a positive regular free holomorphic function on B(H)" 
and define 

2?}(C):- J A=(Ai,...,A„)eC": ^ a„|A„|2 < 1 I , 
[ H>i J 

where Aq :— A^^ • • • A^^ if a — gt,^ ■ ■ ■ gt^ e F+, and Xga — 1. 
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Theorem 1.17. Let (Wi, . . . ,Wn) (resp. (Ai,...,A„)J be the weighted left 
(resp. right) creation operators associated with the noncommutative domain Vf. 
The eigenvectors for Wi , . . . , W* (resp. A^, . . . , A* j are precisely the vectors 

ZA := 7^/36/3 e F^{H„) for A = (Ai, . . . , A„) G V}{C), 

pert 

where the coefficients b/s, f3 ^ F+, are defined by relation ()1.2p . They satisfy the 
equations 

W*zx = \iZ\, A*zx = XiZx for i = 1, . . . , n. 
Each vector z\ is cyclic for R^{T>f) and 

z\ = \l ^ aaK^a (1), 
\ l"l>i / 
where a denotes the reverse of a. 

If X := (Ai,...,A„) g T>°j{C) and ip{Wi, . . . ,Wn) := Y.f3e¥+^f^^P 
Hardy algebra F^iVf), then X]/3eF+ Ic/sII^/jI < oo a^^^ the map 

$A : F^iVf) ^ C, <f aMW^i, . . . , Wn)) ^(A), 



is w* -continuous and multiplicative. Moreover, Lp{Wi, . . . , Wn)* z\ = ip{\)z\ and 

ip{\) = {^{Wu...,W„)l,zx) = MWu...,Wn)ux,ux), 
where u\ • 

Proof. First, notice that if A = (Ai, . . . , A„) e 2?}(C), then A is of class Co 
with respect to I?/(C). Using relation (|1.2ip in our particular case, we get 

l«l>i / \/3eF+ / 

Consequently, the vector zx is in F^(iJ„) and 

II^aII ^ ^ 



'l-E|a|>l""l^"P 

Due to relation (|1.7p . we have 

I otherwise. 

A simple computation shows that W* zx — XiZx for i — 1, . . . ,n. Similarly, one can 
use relation (|1.12[) to prove that A*za = A^za for i = 1, . . . , n. 

Conversely, let z — X]^eF+ C/3e/3 G and assume that W* z = XiZ, i = 

1, . . . , n, for some n-tuple (Ai, . . . , A„) G C". Using the definition of the weighted 
left creation operators Wi , . . . , Wn , we deduce that 

= \/b^{W*Z, 1) = V^'^a {Z, 1) 
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for any a £ F+, whence z = gq X]/3eF+ \/^l3^P^l3- Since z e F^{Hn), we must have 
J2f3e¥+ bf^l^pl^ < oo- Oil the other hand, relation (|1.2p imphes 

i=0 \|a|>l / I3(zr+ 

for any m G N. Letting m ^ oo in the relation above, we must have X]|a|>i QalAap < 
1, whence (Ai, . . . , A„) E I?^(C). A similar result can be proved for the weighted 
right creation operators Ai, . . . , A„ if one uses relation (|1.12p . 

Since J2\a\>i^a^a^a SOT-convcrgent (see Section [TTT|) and 



|a|>l 



< 



|a|>l 



1/2 



aa\K 

J"I>1 



1/2 



Jq|>1 

-1 



the operator (^I — X]|c(|>i '^a^a-^a ) is well-defined. Due to the results of Section 
11.11 we have 

|a|>l / /3eF+ 

Hence, and using relation (|1.12|) . we obtain 



Z\= ^^•^/3^/3(l) = (1), 

/3eF+ \ I«I>1 / 

which implies that z\ is a cyclic vector for R^{'Df). 

Now, let us prove the last part of the theorem. Since (p{Wi, . . . ,Wn) = 
J2f3e¥+ ^13^0 t^<5 Hardy algebra F^iVf), we have Y^is^vt l^/^l^^ < °° ^^^^ 
Section [Q]) . As shown above, if A = (Ai, . . . , A„) £ I?j(C), then X]/3gF+ ^/sl^/Sp < 
c». Applying Cauchy's inequality, we have 

1/2 / \ 1/2 

|2 



/3eF+ \/3eF+ \/3eF+ 



< oo. 



Note also that 



(^(TVi,...,W„)1,za) = ( E 



/3eF+ 
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Now, for each e F+, we have 



(zx,v{Wi,...,Wn)Wp{l)) 



Hence, we deduce that 

(1.50) ip{Wu...,W„yzx=^zx. 
One can easily see that 



\zx\ 



{zx,^{Wi,...,Wnrzx) 



The fact that the map ^x is multiplicative and ?i;*-continuous is now obvious. This 
completes the proof. □ 

We recall that the joint right spectrum ar{Ti, . . . , T„) of an n-tuple (Ti, . . . , r„) 
of operators in B{J-C) is the set of all n-tuples (Ai, . . . , A„) of complex numbers such 
that the right ideal of BiTi.) generated by the operators Ai/ — Ti, . . . , Xnl — Tn does 
not contain the identity operator. We recall |86j that (Ai, . . . , A„) ^ (Tr{Ti, . . . , r„) 

n 

if and only if there exists 6>0 such that J2 (^»^ " T^){X^I -T*)> SI. 

i=l 

Proposition 1.18. If (Wi, . . . ,Wn) are the weighted left creation operators 
associated with the noncommutative domain T> f , then the right joint spectrum 
ar{Wi, . . . , Wn) coincide with T>f{C). 

Proof. Let (Ai, . . . , A„) g ar{Wi, iy„)._Since the left ideal of B{F^{Hn)) 
generated by the operators Wi — Ai/, . . . , W* — Xnl does not contain the identity, 
there is a pure state (p on B{F'^{Hn)) such that ^p{X{W* — Xil)) = for any 
X € B{F^{IIn)) and z = 1, . . . , n. In particular, we have (p{Wi) = Xi = Lp(W*) and 

'p{WX)^XMWa)^\Xo^\'', «eF+. 
Hence, using relation (|1.6p . we infer that 



l<\a\<m \l<|a|<m 



J2 

l<|a|<m 



< 



J2 

|a|>l 



for any m — 1,2, ... . Therefore X]|q|>i o.q|Aq p < 1, which proves that (Ai, . . . , A„) € 
T>f{C). Now, let /i := (/ii, . . . ,//„) G T>f{C) and assume that there is (5 > such 
that 

n 

Y,\\{W^~ ti.lThf>5\\hf foraU heF^Hn). 

i=l 
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Taking h = z\ X]/3eF+ ^/^P^^P^P^ ^ ^ in the inequality above, and using 

Theorem ll.171 we obtain 

n 

^\K-^l^?>5 forall AeI?}(C), 

i=l 

which is a contradiction. Due to the remarks preceding the theorem, we deduce 
that /i (/ii, . . . , fin) E (Jr{Wi, . . . , Wn), which completes the proof. □ 

Now, we define the symmetric weighted Fock space associated with the non- 
commutative domain Vf. 

We need a few definitions. For each A — (Ai, . . . , A„) and each n-tuple k := 
(fci, . . . , fc„) e NJJ, where Nq := {0, 1, . . .}, let A'' A^^ • • • A^". For each k e NJJ, 
we denote 

Ak := {a e F+ : A^, = A'' for aU A e C"}. 
For each k S Nq, define the vector 



— Vb^Ca e F^{Hn), where 7k 

Tk — — 

aeAk aeAk 



and the coefficients 6q, a G F+, are defined by relation ()f .2|) . Note that the set {w^ : 
k S Nq } consists of orthogonal vectors in F^{Hn) and \\w^\\ = We denote by 

F^{Df) the closed span of these vectors, and call it the symmetric weighted Fock 
space associated with the noncommutative domain Vf. 

Theorem 1.19. Let f = X)|q|>i '^a^'^a be a positive regular free holomorphic 
function on _B(7i)" and let Jc be the w* -closed two-sided ideal of the Hardy algebra 
F^{'Df) generated by the commutators 

WiWj-WjW,, i,j = l,...,n. 

Then the following statements hold: 



(i) F^iVf) = span{zA : A £ V}{C)} = AO. := F^{H,,) Q J,(l). 

(ii) The symmetric weighted Fock space F^{'Df) can be identified with the 
Hilbert space iJ^(I?j(C)) of all functions : I?^(C) — > C which admit 
a power series representation (p{X) — X^keN" CkA'' with 



M\2 = I^kl'— <00. 



More precisely, every element f — X^keN" '^kW^'' in Fg^l) ^'^^ func- 
tional representation onT>°j{'C) given by 

ip{\) := (^, ZA> = J2 A = (Ai, . . . , A„) e 2?}(C), 



keN5 

and 



|y(A)| < ^= "^"^ A=(Ai,...,A„)eI?}(C). 

'1 -E|a|>l«"|AaP 
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(iii) The mapping Kf : V^C) x X'^(C) C defined by 

1 



is positive definite. 



^ for all A,/i e V°JC) 



Proof. First, notice that z\ = X)keN;,' 7kw'', A e I?^(C), and therefore 
span{zA : A e I?;(C)} C ^^(Py). 



Now, we prove that G Nj^ := F^{Hn) Jc(l)- Indeed, relation [TT71 imphes 



(1.51) W^iWjW, - W.,Wj)W0{l) 



Hence, we deduce that 

/ ^ v/^e„, - W,Wj)Wp{l)\ = 

for any k G Ng . This shows that G N",]^ and proves our assertion. Consequently, 
F^{Df ) C A/je- To complete the proof of part (i), it is enough to show that 

span{zA : A G V}{C)} = Afj^. 

Assume that there is a vector x :— X]^eF+ '^/3^/3 ^ ^^^^ x L zx for all A G I'y (C). 
Then 







for any A G I?^(C). Since I?j(C) contains an open ball in C", we deduce that 
(1.52) Ec/3V¥ = foraU kGNJJ. 

/36Ak 

Fix f3o G Ak and let /? G Ak be such that /? is obtained from /3o by transposing 
just two generators. So we can assume that /Jq — "fgjdi^ and /3 = ^gigjcu for some 
7,0; G F+ and i ^ j, i,j = 1, . . . ,rt. Since x G A^/^ = F'^(Hn) Q Jc(l), we must 
have 

{x, W^{WjW, - W,Wj)W^{l)) = 0, 
which implies -^22= = -2^. Since any element 7 G Ak can be obtained from [3q by 



"0. . 

successive transpositions, repeating the above argument, we deduce that 



for all 7 G Ak- 



Setting t 



we have = ty/b^, 7 G Ak, and relation p.52p implies t — 



(remember that 6/3 > 0). Therefore, — for any 7 G Ak and k G Ng, so x = 0. 
Consequently, we have spanjzA : A G I?J(C)} — Nj^. 
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Now, let US prove part (ii) of the theorem. Note that 



for any A € T>J{C) and kg Wq. Hence, every element (p — X^keNj Cktw'' in F^{T>f) 
has a functional representation on I?^(C) given by 



^(A) {ifi, zx) = A = (Ai, . . . , A„) e V){<C), 

M2 



ksNJ 

and 



1 ~ S|q|>1 °-a\^a\ 



We recall that \\z\\\ was calculated in the proof of Theorem II. 171 The identification 
of F^{Vf) with 772(2?°(C)) is now clear. 

As in the proof of Theorem 11.171 we deduce that 

l«l>i / /3eF+ 

if (Ai, . . . , A„) € I?^(C). Now, the i?^(I?/)-functional calculus applied to the n- 
tuple (/^i, . . . , fin) e I??(C) n I?'^(C) and the equation above imply 

/3eF+ V |a|>l 

Since 

/36F+ 

the result in part (iii) follows. The proof is complete. □ 

Proposition 1.20. Let be the w* -closed two-sided ideal of the Hardy algebra 
F!^{T>f) generated by the commutators 

WiWj-W,W,, i,j = l,...,n. 

Then the following statements hold: 

(i) Jc coincides with the w* -closure of the commutator ideal of F!^{T>f). 

(ii) Jc(l) coincides with 

spasi , ^ e^gjg,0 ^ 673.3^/^ ■ 7, /? S IF,t 7 J = 1, • ■ • , " i • 
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Proof. One inclusion is obvious. Since WiWj — WjWi £ Jc and every permu- 
tation of k objects is a product of transpositions, it is clear that WaWp — WjiWa S Jc 
for any a, /3 G F+. Consequently, Wj{WaWf3 — Wf3Wa)W^ € Jc for any a, (3,^,U! e 
F+. Since the polynomials in Wi, . . . , Wn are w* dense in F^{'Df) (see Corollary 
ll.lSp . item (i) follows. Part (ii) is obvious if one uses relation (|1.5ip . □ 



Theorem 1.21. A map Lp : F^(T>f) —fCisa w* -continuous multiplicative 
linear functional if and only if there exists A G I?j(C) such that 

^{A) = ^^(A) := {Aux,ux) , A(^F^{Vf), 

where := 



Proof. Note that J kercp is a w*-closed two-sided ideal of F^{'Df) of 
codimension one. The subspace M.j := J(l) has codimension one and Mj + CI = 
F'^{Hn). Indeed, assume that there exists a vector y € (A^ j -l-Cl)-'-, ||y|| — 1. Then 
we can choose a polynomial p := p{Wi, . . . , Wn) € F!^iVf) such that ||p(l)— ?/|| < 1. 
Since p — ip{p)I G keri^ = J, we have p{l) — (p{p) G Mj. Since y _L Mj + CI, we 
deduce that 

1 = llyll = {y- ^{p), y)<\{h- p{l),y) \ + \ {p{l) - ^{p), y) \ 
^\{h-p{l),y)\<l, 

which is a contradiction. Therefore, Mj is an invariant subspace under Wi, . . . , Wn 
and has codimension one. Due to Theorem II. 17i there exists A G I?^(C) such that 
Mj = {z^}^. 

On the other hand, due to the same theorem the map ip : F!^{T>f) C 
defined by (p\{A) :— {Au\,u\), A G F^{'Df), is a -continuous multiplicative 
linear functional, and (p\{A) = {A{l),z\). Hence, J := kenp C ker ip\ C F!^{T>f ). 
Since both ker 1^9 and kevLp\ are -closed two-sided maximal ideals of F^{T>f ) of 
codimension one, we must have ker 1^9 = kenp\. Therefore, ip = ip\ and the proof is 
complete. □ 



Proposition 1.22. Let Fj^{VfjJ be the w*-closed algebra generated by op- 
erators 

Li := Pp2^x>f)Wi\F^(Vf), i = l,...,n 

and the identity, where Wi , . . . , Wn are the weighted left creation operators associ- 
ated with D f . Then the following statements hold: 

(i) ^r(V/,jJ = PFii'D,)F^{Vf)\FiiV,); 

(ii) F^{Vf^j^) can be identified with the algebra of all multipliers of the Hilbert 
space 7J2(p°(c)). 



Proof. The first part of the proposition is a particular case of a result men- 
tioned in the beginning of Section [L5l To prove the last part, let ip{Wi, . . . , Wn) G 
F^(Vf) and ifiLi, . . . , L„) = Pj.2(x,^)(^(VFi, . . . , W„)|p-2(2,^). Since zx G F^{Vf) 
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for A e V°{C), and ip{Wi, Wn)*zx = (p{X)zx, we have 

. . . ,L„)V'](A) = {(p{Li,...,Ln)il^,zx) 

= {^,^{Wu...,WnrZx) 

for any ip £ FgiVf) and A e I?y(C). Therefore, the operators in F^^iyf^j^) are 
"analytic" multiphers oiF^{T>f). Moreover, 

ML,, L„)|| = sup{||^/||2 : / e F^iVf), \\f\\ < 1}. 

Conversely, suppose that g — X^keNo '^^^^ ^ bounded multiplier, i.e., Mg € 
B[Fg{'Df)). As in [37] (see Lemma 1.1), using Cesaro means, one can find a 
sequence of polynomials Pm = ^ c^^^vj^ such that Mp^ converges to Mg in the 
strong operator topology and, consequently, in the u;*-topology. The latter is due 
to the fact that a sequence of operators converges w* if and only if it converges 
WOT. Since Mp^ is a polynomial in Li, . . . , L„, we conclude that Mg £ F^O^f,Ja)- 
In particular Li is is the multiplier M\. by the coordinate function. The proof is 
complete. □ 

If A € B{TC) then the set of all invariant subspaces of A is denoted by Lat A. 
For any U C B{'H) we define 

Lat = Pi Lat A. 

Aeu 

If S is any collection of subspaces of TC, then we define Alg S by setting 

Alg S ■.= {A£ B{n) : 5 c Lat A}. 
We recall that the algebra U C B{T-C) is reflexive ifU = Alg Lat U. 
Theorem 1.23. The algebra F^{VfjJ is reflexive. 

Proof. Let X e B{F^('Df)) be an operator that leaves invariant all the invari- 
ant subspaces under each operator Li, . . . Due to Theorem 11.171 and Propo- 
sition [T!22l we have L*z\ = XiZ\ for any A e I?^(C) and i — 1, . . . , n. Since X* 
leaves invariant all the invariant subspaces under L^!, . . . ,L*, the vector z\ must 
be an eigenvector for X* . Consequently, there is a function Lp : 'D°j{<C) C such 

that X*zx = ipiX)zx for any A £ Vj{C). Notice that, if / e F^{Vf), then, due to 
Theorem ll.171 Xf has the functional representation 

{Xf){X) = {Xf, zx) = (/, X*zx) = ^(A)/(A) for all A £ V}{C). 

In particular, if / ~ 1, then the the functional representation of A"(l) coincide 
with ip. Consequently, p admits a power series representation on I?y(C) and can 
be identified with X{1) £ F^{T>f). Moreover, the equality above shows that (pf £ 
H'^(V°j:{C)) for any f £ F^{Vf). Applying Proposition [f^ we deduce that X = 
M^ £ F^iVfjJ. This completes the proof. □ 

We remark that, in the particular case when / = Xi -I- • • • -|- X„, we recover 
some of the results obtained by Arias and the author, Davidson and Pitts, and 
Arveson (see [6], [74) . [37] . and [11]). where some of the ideas originated. 



CHAPTER 2 



Free holomorphic functions on noncommutative 

domains 

2.1. Free holomorphic functions and Poisson transforms 

We introduce the algebra Hol{T>f) of all free holomorphic functions on the 
noncommutative domain 2?/ and prove a maximum principle. We identify the 
domain algebra Ani'Df) and the Hardy algebra F^{T>f) with subalgebras of free 
holomorphic functions on'Df. When p is a positive regular noncommutative poly- 
nomial, we point out two Banach algebras of free holomorphic functions H°°{'D°) 
and A(T>°), which can be identified with the Hardy algebra F^CDp) and domain al- 
gebra Ani'Dp), respectively. The elements of these algebras can be seen as boundary 
functions for noncommutative Poisson transforms on 

A formal power series g{Zi, . . . , Zn) '■= X) 

called free holomorphic 

function on the noncommutative domain 2?/ if the series 



is convergent in the operator norm topology for any r £ [0,1), where {Wi , . . . , Wn ) is 
the universal model associated with the noncommutative domain "Df. We remark 
that if / = Xi + ■ ■ ■ + Xn, then our definition is equivalent to the one for free 
holomorphic function (see [87] ) on the unit ball [B{'H)"]i 

We denote by Hol{T>f) the set of all free holomorphic functions on Vf. Since 
g{rWi, . . . ,rWn) in the noncommutative domain algebra ^„(2?/), one can easily 
see that Hol{'Df) is an algebra. 

Theorem 2.1. A formal power series g(Zi,...,Z„) := ^ c^Za is a free 



oo 



g(rWi,...,rWn) ■■=Y.Y1 Carl"IW„ < oo 



fc=0 \a\=k 



holomorphic function on'Df if and only if 



(2.1) 




where the coefficients bp, a 



are given by relation (|1.2p . 
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In particular, if TL is infinite dimensional and f = p := ^ aaXa is a 

l<\a\<m 

positive regular free polynomial, then the above condition is equivalent to the con- 
vergence in the operator norm of the series 

oo 

k=0 \a\=k 

where 



v;{n) := <^ (Xi,...,x„) e B{ny 



l<|Q|<m 



< 1 



Proof. Assume that relation ()2.ip holds and let < r < p < 1. Then, we can 
find mo G N such that 

2 k 

for any k > toq- 



1 /I 



Since 



|/3| = fc 



< 1 (see the proof of Theorem ll.l2|l . we deduce that 

1/2 







\m=k p J 


1/2 






< 


1 




|/3| = fe 






|/3| = fe 



< 



for any fc = 0, 1, . . .. Hence, 

oo 

E 



k=0 



|/3| = fc 



which shows that g{Zi, . . . , Z„) is a free holomorphic function on I?/. To prove the 
converse, assume that 



limsup E |c/3pr- 



l/2fc 



> 7 > 1. 



Then there is k as large as needed such that ^ |c/3| j'- > 7 • Fix r such that 

|/3| = fe ^ 

i < r < 1 and notice that, using relation (|1.7p . we obtain 



l/3|=fc 



> 



E cpr\^^Wp{l) 



|/3|=fc 



\|/3|=fc '7 
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Since > 1, the series ^ ^ cpr^^^Wp is divergent and therefore g{Zi, . . . , Z„) 

fe=0 |/3|=fe 

is not a free holomorphic function. 

Now, we prove the last part of the theorem. Assume that relation (|2.ip holds 
and let {Xi . . . ,X„) e 'D°{H). Since p is a polynomial, V^iJ-L) is an open set in 
5(7^)" and consequently there exists r e (0, 1) such that 



(Xi . . . , x„) e := <^ (Fi . . . , r„) e B{ny' 



1< |a<m 



< 1 



Therefore, [^Xi, . . . , \Xn) G Vp{Tl) and, due to Theorem ll.4[ we have 





< 


5] c<,rl"IVF„ 


|a| = fe 




|a| = fc 



Hence, the series J2 

fe=0 



|a| = fe 



is convergent. The converse follows taking into 



account that {rWi, . . . ,rWn) € 'D°{F^{Hn)) for < r < 1, and, since Ti is infinite 

C30 

dimensional, the series ^ ^ CqtI"' converges in the operator norm topology 

k=Q \a\=k 

for any r G [0, 1). The proof is complete. □ 
For < r < 1, we define Vf^r = T^f.rCH) C by setting 

:= |(Xi,...,X„) : (J-X^, . . . ,^Xn^ e . 

Notice that {Xi, . . . , X„) G if and only if {rXi, . . . , rX„) G 'Df.r- 

Proposition 2.2. Let . . . , Zn) CqZc be a free holomorphic func- 

tion onVf . 

(i) //O < ri < r2 < 1, then 2?/,ri C ^.^ C I?/ and 

\\g{riWi,...,riWn)\\ < \\g{r2Wu . . . ,r2Wn)\\. 
(h) //O < r < 1, t/ieK t/ie map G : Vj^riU) B{n) defined by 

oo 

G{Xi, . . . , Xn) ■— ^ ^ CqXq, (Xi, . . . , Xn) G Vf^rCH), 

k=0 \a\=k 

is continuous and \\G{Xi, . . . , Xn)\\ < ||G(rWi, . . . , rW^)!] . Moreover, 
the series defining G converges uniformly on 'Df^r in the operator norm 
topology. 

oo . . 

Proof. Since Lp{Wi, . . . ,Wn) '■— Carl^Wa is in the domain algebra 

k=0 \a\=k 

Ani'Df), Theorem 11.41 implies 

\\ip{rWi,...,rWn)\\ < MWi, . . . ,W„)\\ for any r G [0, 1). 



Taking r := we complete the proof of part (i). 
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To prove (ii), notice that gr{Wi, Wn) e AnCDf) and {}Xi, . . . , i 
'Df{'H). Using again Theorem 11.41 we obtain 



\G{Xi, . . . , Xn) 



-Xi,. 



-Xr 



< \\G{rWu...,rWn)\\ 



and 



Now, one can easily complete the proof. 



OO 




OO 




E 








k^Q 


\a\ = k 


fe=0 


\a\=k 



□ 



Now we can identify the Hardy algebra F^{'Df) with a subalgebra of free 
holomorphic function onVf. 

Theorem 2.3. Let G{Zi, . . . , Z„) := ^ CqZq be a free holomorphic function 

QGF+ 

071 the operatorial domain V f . Then the following statements are equivalent: 

(i) g{Wi,...,Wn) :— (^aWa is in the noncommutatice Hardy algebra 

(ii) sup \\G{rWi,...,rWn)\\ < oo. 

0<r<l 

In this case, we have 

(2.2) \\g{Wi, . . . ,Wn)\\ ^ sup ||G(rM^i,...,rW„)|| = lim||G(rVKi,...,rW^„)|l. 



0<r<l 



Proof. Assume (i) holds. Since g{Wi,...,W„) £ F^\Vf), Theorem [Ha 
implies 

(2.3) \\G{rWu ■ ■ ■ ,rWn)\\ = \\g{rWu ■ ■ ■ ,rWn)\\ < \\giWi, . . . ,Wn)\\ 

for any r G [0,1). Therefore, (i) ==> (ii). To prove that (ii) (i), assume that 
(ii) holds. Consequently, due to relation (|1.7p . we have 



E 

aGF+ 



1 



rl"laol^o(l) 



QGF+ 

< sup \\G{rWi,...,rWn)\\ < oo 

0<r<l 



for any < r < 1. Hence, ^ |aQ,p J- < oo, which implies that g{Wi, . . . , Wn)p 

aert 

is in F^(iJ„) for any polynomial p £ F'^{Hn). Now assume that g{Wi, . . . , Wn) ^ 
F!^{T>f). Due to the definition of F^{'Df), given an arbitrary positive number M, 
there exists a polynomial q £ F'^{Hn) with \\q\\ = 1 such that 

\\g{Wi,...,Wn)q\\ >M. 

Since WgriWi, VK„)(1) - g{Wu Wn){l)\\ ^ as r ^ 1, we have 

\\g{Wi, . . . , Wn)q - griWi, . . . , T4^„)'Zll ^0, as r ^ 1. 

Therefore, there is rg £ (0, 1) such that ||gro(^i7 • • • i W^n)9ll > M. Hence, 

\\gr„iWi,...,Wn)\\ >M. 
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Since M > is arbitrary, we deduce that 

sup \\g{rWi, . . .,rWn)\\ = oo, 

0<r<l 

which is a contradiction. Consequently, (1)-=?=^ (ii). 

We prove now the last part of the theorem. If g{Wi, . . . , Wn) G F!^{'Df) and 
e > 0, then there exists a polynomial q E F^(i7„) with ||q|| = 1 such that 

\\g{Wu...,Wn)q\\ > \\g{Wi,...,W„)\\-e. 

Due to Theorem II. 12[ there is tq E (0, 1) such that 

\\gr„{Wi,...,Wn)q\\ >||5(W^i,...,W^„)||-e. 
Using now relation (|2.3p . we deduce that 

sup \\g{rWi,...,rWn)\\ = \\g{Wu . . . ,Wn)\\. 

0<r<l 

Due to Proposition [221 the function [0,1) 3 r \\g{rWi, . . . ,rW„)\\ E K+ is 
increasing. Hence, and using the above equality, we complete the proof. □ 

We can identify the domain algebra yl„(I?/) with a subalgebra of Hol{T>f). 
Theorem 2.4. Let G :— ^ c^Za be a free holomorphic function on the 
noncommutative domain Vf. Then the following statements are equivalent: 

(i) g{Wi, . . . ,Wn) ■= X) CaWa is in the noncommutative domain algebra 

(ii) {G(rWi, . . . , rW„)}o<r<i is convergent in the operator norm as r ^ 1. 



Proof. The implication (i) =^ (ii) is due to Theorem ll.4l Conversely, assume 
item (ii) holds. Since G{rWi, . . . ,rWn) € An{1^f), which is an operator algebra, 
there exists if{Wi, . . . , Wn) E Ani'Df) such that 

ipiWi, ...,Wn)= lim G{rWi, . . . , rWn) 

r — *oo 

in the operator norm topology. On the other hand, due to Theorem 12.31 de- 
duce that giWi, ...,Wn):= E a^^W^ is in F^{Vf). Since g{rWi, . . . , rW„) = 

G{rWi, rWn) for < r < 1, and 

g{Wi, ...,W„) = SOT- lim g{rWi, ...,rWn), 

r— »1 

we conclude that ip{Wi, . . . , Wn) = g{Wi, . . . , Wn), which completes the proof. □ 
Define 



dVf := <^ {Xi,...,Xn) EVf 



1 



\a\>l 

Notice that {rXi, rX„) E dVf^r if and only if (Xi, . . . , X„) e 92?/. 

Here is our version of the maximum principle [31) for free holomorphic functions 
on noncommutative domains. 
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Theorem 2.5. Let G he a free holomorphic function on I?/(7i), where Ti is an 
infinite dimensional Hilbert space, and let r G [0, 1). Then 

max{||G(Xi,...,X„)|| : (Xi, . . . , X„) e P/,.} 

= max{||G(Xi,...,X„)|| : (Xi, . . . , X„) € 9% J 

= ||G(rW^i,...,rW„)||. 

Proof. Due to Proposition [^21 we have 

(2.4) \\G{Xi,...,X,,)\\<\\G{rWu---,rWn)\\ for any (Xi, . . . , X„) e 2?/,.. 

Since Ti. is infinite dimensional, there exists a subspace K, <Z TL and a unitary 
operator U : F^(i/„) JC. Define the operators 

(UW^U* 0\ . ^ 
Vi := I ^ Q I , z = 1, . . . ,n, 

with respect to the orthogonal decomposition H = ICQ) JC^ , where Wi , ■ ■ ■ , Wn are 
the weighted left creation operators associated with T>f. Notice that (rVi, . . . , rVn) £ 
dVf^r and 

(UG{rWu---,rWn)U* 0\ 
G(rVl,...,rK) = ( ' Q Q I . 

Consequently, 

||G(rV^i,...,rK)|| = ||G(rH^i,...,rty„)|l. 
Hence, and using inequality (j2.4p . we can complete the proof. □ 

Let us consider the particular case when / is equal to a positive regular polyno- 
mial p := ^ OLaXa and Ti is an infinite dimensional Hilbert space. According 

l<|Q|<m 

to Theorem l2.11 the algebra Hol{T>p) of all free holomorphic function on Vp can be 
identified with the set all functions G : 'D°{H) B{H) of the form 

oo 

G(Xi,...,x„) = ^ J2 ca^a, {Xi,...,Xn) ev;{n), 

k=0 \a\=k 

where the convergence is in the operator norm topology. Let H°°(T)°) denote the 
set of all elements G in Hol{'Dp) such that 

||G||oo :=sup||G(Xi,...,X„)|| <oo, 

where the supremum is taken over all n-tuples [Xi, . . . , Xn) € I?°(7i). We denote 
by A{'D°) be the set of all elements G in Hol{T)p) such that the mapping 

v°p{n) 9 (Xi, . . . , x„) ^ G(Xi, . . . , x„) e B{n) 

has a continuous extension to Vp. Using the results of this section, one can easily 
prove that H°"{T>p) and A{T>p) are Banach algebras under pointwise multiplication 
and the norm || • ||oo, which can be identified with the Hardy algebra F!^{T>p) and 
the noncommutative domain algebra An{T^p), respectively. 

Given an operator A S B{F'^{Hn)), the noncommutative Poisson transform 
associated with the noncommutative domain Dp generates a function 

P[A] : v°p{n) B{n) 
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by setting 



P[A]{Xi,...,Xn):^-9f^x{A) for any X -.^ (X^, . . . , X^) e V;in), 

where 'i>f^x{A) :— K'J'-^{A(E) In)Kf.x and i^/,T is the Poisson kernel associated 
with / and X e Vl{n) (see Section [r2|) . 

Using some of the resuUs from Theorem 11.41 Theorem 11.121 Theorem 12.31 and 
Theorem 12.41 '^e can provide classes of operators A e i?(F^(iJ„)) such that the 
mapping P[A\ is a free holomorphic fmiction on I?°(7i). In this case, the operator A 
can be seen as the bomidary hmction of the Poisson transform P[A\. The following 
theorem can be easily deduced from the above-mentioned results. 

Theorem 2.6. Let Ti. be an infinite dimensional Hilbert space and u be a free 
holomorphic function on I?°(7i), where p is a positive regular noncommutative poly- 
nomial. Then the following statements hold. 



In this case, u{rWi, . . . ,rWn) —^f, as r —i- 1, in the w* -topology (or 
strong operator topology). 
(ii) There is f G AniT^p) with u = P[f] if and only if{u{rWi, . . . , rWn)}o<r<i 
is convergent in norm, as r ^ 1. In this case, u{rWi, . . . ,rWn) f in 
the operator norm, as r — > 1. 

2.2. Schv^rarz lemma and Bohr's inequality for F^{T>f) 

In this section we obtain versions of Schwarz lemma [31j and Bohr's inequality 
[28] for the Hardy algebra F^(Vf). 

First, we prove an analogue of Schwarz lemma from complex analysis, in our 
multivariable noncommutative setting. 

Theorem 2.7. Let G = G{Wi, . . . ,Wn) — J2 '^aWa be in the noncommu- 

tative Hardy algebra F^'{T>f) with the properties G(0) — 0, \\G\\ < 1, and such 
that 



where the coefficients ba, a € F+, are given by (|1.2p . Then, for any c.n.c. n-tuple 



(i) 



There exists f G F^{T>p) with u — P[f] if and only if 
sup ||u(rM^i, . . . , rW„)|| < oo. 



0<r<l 



(2.5) 




of operators {Xi, . . . , Xn) £ Vfiji,), 



||G(Xi,...,X„)|| <M||[Xi,...,X„]| 



Proof. For each i = 1, . . . , n, define the formal power series 




Since 



\a\=k |7l=fc+l 
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we deduce that 



l/2fc 



limsup I 



< limsup I V 



k—^OQ 



M=k 



k — *oo 



J7|=fc+1 



Consequently, due to Theorem 12.11 $i represents a free holomorphic function on 
Vf. Since G{Q) — 0, we have 



G(Zi,...,Z„)=^Z, 



i=l 



i=l 



and 



(2.6) 



G(W^i, . . . , W„) = ^ VK,$,(PFi, . . . , 



According to Section ri.il we have Wi — SiDi, i = 1, . . . , n, where 5*1, ... , Sn are 
the left creation operators on F'^(Hn) and Di, . . . , Dn are the diagonal operators 
defined by 



Acq := \ -r^(^a, a e 

V ^9." 



The condition (|2.5p shows that the positive diagonal operator Di is invertible and 
max lll?"^!! = M. Since Wi, . . . , Wn have orthogonal ranges, we deduce that 

2— l,...,n 



(2.7) 



1 

G(W^i, . . . , W^„)*G(W^i, . . . , W„) > ^ ^ $,(VFi, . . . , W„)*$,(VFi, . . . , W„). 



Now, due to Theorem IL121 we deduce that 



(2.8) 



■$i(Xi,...,X„)' 
$„(Xi,...,X„) 



< 



'^l(Wl,...,Wn)' 

$„(W^i,...,W^„), 
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for any c.n.c 7i-tuplc of operators (Xi,...,X„) e 'Df{H). Consequently, using 
relations jM]), ([2T1) . and jM]), we obtain 



\\GiXi,...,Xn)\\ 



i=l 



$„(X1,...,X„) 



< 



< M 



1/2 



n 
i=l 



Y,'^,{Wl,...,Wny<^^{Wl,...,Wn) 
i=l 
1/2 

||G(W^i,...,M/„)*G(W^i,...,W^„)|| 



1/2 



1/2 



< M 



Therefore, 

||G(Xi,...,X„)|l <M|l[Xi,...,X„]|l for any (Xi, . . . , X„) G 
which completes the proof. □ 

Notice that, in particular, if the domain is generated by the polynomial p — 
Xl^ hX„, then M = 1. 



Let f{z) := J2 o-kZ^ be an analytic function on the open unit disc D := {z € 

fe=0 

\z\ < 1} such that ||/||oo < 1- Bohr's inequality [28] asserts that 



^r^lflfcl < 1 for 0<r < -. 



fc=0 

The fact that | is the best possible constant was obtained independently by M. 
Riesz, Schur, and Wiener. In recent years, multivariable analogues of Bohr's in- 
equality were considered by several authors (see [4], |27j . [40| . [64] , and 88 ). 

In what follows we extend Bohr's inequality to the Hardy algebra F^{T>f). 
First, let us recall the following result from 



Lemma 2.8. Let Ti. and K, he Hilhert spaces, let A he a hounded operator from 
Ji to K., and let z he a complex number. Then 

'zIh " 
A zIk: 

is a contraction if and only if \\A\\ < 1 — 

We can use this result to prove a Wiener type inequality for the Hardy algebra 
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Theorem 2.9. If (p{Wi, . . . ,Wn) — X]/3eF+ '^/'^/^ noncommutative 
Hardy algebra F^{Vf ) and \\ip(Wi, . . . , Wn)\\ <l, then 

1/2 

|2 



Vl/3|=fc '7 



/or any fc = 1,2,. 



Proof. Let TW be the subspace spanned by the vectors 1 and {ea}\a\=k- Due 
to the definition of the weighted left creation operators Wi, . . . , Wn ( see (|1.7p ). we 
have 

(PM^(W^i,...,W^„)e„,l) = if lal = fc 



and 



Co if a = 50 



(PA^^(T4^i,...,W^„)l,e„) = if|a| = fc. 



Therefore the operator P^vO^ij ■ ■ ■ ^ Wn)\M is a contraction and its matrix with 
respect to the orthonornial basis {1, {eQ}|Q,|^fc} is 

CO 

A Co Ink 

where A is the column matrix with entries -^=, \(x\ ~ k. Now, applying Lemma 
we complete the proof. □ 



We recall that, for each r e (0, 1), 

■Df,rm . . . , Xn) e B{nT ■■ (^^x,, ^Xn^ e Vf{n) 

Now, we can prove the following. 

Theorem 2.10. Let ip{Wi, . . . , Wn) = X]/3gf+ c/jWjg be in the noncommutative 
Hardy algebra F^{Vf) and such that . T. , W^„)|| < 1. // (Ti, . . . , T„) G 

Vf^riTi-), where < r < 1, then 



<|co| + (l-|con 



1-r 



Proof. Due to the results of Section O since Lp{Wu . . . ,Wn) € F^{Vf), 



we have Yjk=o S|/3|=fe \'^0V ^0 < Therefore, the series Y./3evt |c/3k'^W/3 
converges in the operator norm for < r < 1 and it is in the algebra AniT^f)- Since 
(iTi, . . . , iT„) G Vf{H), Proposition [121 part(ii), implies 





< 











On the other hand, according to Section [TTl the operators {W^jmi^fc have orthog- 



onal ranges and \\Wp\\ — — /3 G F+. Consequently, 



m-- 
\0\=k 



< 1 for any 
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k = 0,1, . . .. Hence, and using the fact that ^ Ic/Jpj'- < oo, which is due to the 



fact that ifiWi, . . . , Wn) G F^{Vf), we deduce that 





oo 






oo 


\m=k " 




oo 
fe=0 


\\p\=k " 



1/2 



1/2 



|/3|=fc 



1/2 



Now, since . . . , Wn)\\ < 1, we can use the Wiener type inequahty of Theorem 



2.91 and combine it with the inequahties above to complete the proof. □ 
Our version of Bohr's inequahty for the Hardy algebra F^{'Df) is the following. 
Theorem 2.11. If ip{Wi, . . . , W„) = E/36F+ cpWp is in F^{Vf), then 



E M 



< MWu...,Wn) 



for any (Ti,...,r„) e I?/,i/3(7Y). In particular, if X := (Ai,...,A„) € I?/4/3(C), 
then 

E \ct5\\X0\<MWl,...,Wn)\\ 

for anyip{Wi,...,Wn)eF^^iVf). 

Moreover the inequalities above are strict unless ip{Wi, . . . ,Wn) is a multiple 
of the identity. 

Proof. Let s e (0, 1/3) and assume ||v5(VFi, . . . , VF„)|| = 1. Using the inequal- 
ity from Theorem 12. 10[ we have 



E 1^/31^/ 



< \co\ + (1 - Icol^)-^ < |co| + < 1, 

1 — s 2 



for any (Ti, . . . , T„) G T>f i/^{H) and s G (0, 1/3). To prove the last part of the the- 
orem, assume that we have equality in the inequality above and . . . , W„)|| = 
1. Then, 

l-|coP 



|co| 



1. 



Hence, we deduce that |co| ~ 1. Since 

Mw,,...,Wn){i)r= E ic/3p^<i, 

we must have cp — Q for any (3 £ F+ with \j3\ > 1. Therefore f{Wi, . . . , Wn) is a 
multiple of the identity. 
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□ 

Whether 1/3 is the best possible constant in Theorem 12.111 remains an open 
problem. The answer is affirmative in the particular case when / = Xi + • • • + 
Xn (see [64]). We remark that a commutative version of Bohr's inequality for 
holomorphic functions on the Reinhardt domain 'D°{C) will be presented at the 
end of Section [231 



2.3. Weierstrass and Montel theorems for the algebra Hol{T>f) 

In this section, we obtain Weierstrass and Montel type theorems for the algebra 
of free holomorphic functions on the noncommutative domain T) f . This enables us 
to introduce a metric on Hol{'Df) with respect to which it becomes a complete 
metric space. 

The first result of this section is a multivariable operatorial version of Weier- 
strass theorem 1311. 



Theorem 2.12. Let {Grn\m=i C Hol(Vf ) be a sequence of free holomorphic 
functions such that, for each r € [0, 1), the sequence {Gm{rWi, . . . ,rWn)}'^=i 
convergent in the operator norm topology. Then there is a free holomorphic function 
G S HollVf) such that G„i(rPVi, . . . , rWn) converges to G(rVFi, . . . , rWn) for any 
re [0,1). 

oo , 

Proof. Let G^-.^Y. E a^'Z^ and fix r e (0, 1). Since 

fc=0 \a\=k 



G^(rWu....rWn) = Y, ^'"'"L^^W^o 

k=0 \a\=k 

is in the noncommutative disc algebra Ani'Df) and the sequence of operators 
{Gm{rWi, . . . ,rWn)}'j^=i convergent in the operator norm of B{F'^{Hn)), there 
exists G e Ani'Df) such that 



(2.9) 



G„(rI^i,...,rW„)^G(W^i,. 



.Wr,. 



as rn — > oo. 



Let ^ da{r)Won da{r) € C, a G F+, be the Fourier representation of G. Since 
Wi, . . . , Wn have orthogonal ranges and using (|1.7p . we have 



(2.10) 



da{r) 



(i^:g(w^i,...,if„)(i),i), ae 



If A(;3) e C for /5 e F+ with 



we have 



J2 X(f^)W*0iGm{rWu . . .,rWn) - G(Wi, I^„))l, 1 

\f3\=k 



< \\Gm{rWu. . . , rWn) - G(IFl, . . . , Wn)\\ 



\l3\=k 
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Hence, using ()2.10p and the fact that Wi, . . . ,Wn have orthogonal ranges and 

W^I^W = /?eF+, we have 



< \\G^irWu...,rW„)-G{Wi,. 
for any A(^) G C with \(3\ = k. Consequently, 

1/2 



Vl/3|=fc / 



1/2 



\|/3|=fc P 



< ||G™(rVKi, . . .,rWn) - G{Wi, . . . ,Wn)\\ 



for any k = 0,1,.... Now, since ||G™(rVFi, . . . , rW„) - G(W^i, . . . , W„)|| ^ 0, 
as m ^ oo, the inequality above implies r^a'p^^ — > dp{r), as m oo, for any 
\P\ = k and k = 0,1,.... Therefore, := lim ai™'' exists and dnir) — r^an 

for any (i E F+ with \f3\ = k and fc = 0, 1, . . .. Define the formal power series 
F :— X]QeF+ '^aZa and let us prove that F is a free holomorphic function on the 
noncommutative domain Vj. The calculations above show that, for each r e [0, 1), 



El 



1/2 



„(™)|2 

5.' ^ 



1/2 



J/3|=fc 



This shows that 
(2.11) 



< \\Gm{rWi,...,rWn)-G{Wi,...,Wn 



0/3 Ofl 



|a/3| 



as m ^ oo. 



uniformly with respect to fc = 0, 1, . . .. Assume now that 7 > 1 and 

l/2k 



limsup E r-|"/3l^ 



> 7- 



Then, there is fc e N as large as needed such that 

1/2 



(2.12) 



Let A be such that 1 < A < 7 and let e > be with the property that e < 7 — A. 
It is clear that e < — \^ for any fc — 1,2,.... Now, the convergence in (j2.1ip 
implies that there exists iiTe € N such that 

1/2 / \ 1/2 



„(»")|2 




< e 
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for any m > Ke and any fc = 0, 1, . . .. Hence, and due to (I2.12|) . we have 

1/2 

lam >l''-e>\' 




0/5|=fc 

for any m > and some fc as large needed. Therefore, 

Hmsup I > ■ —Wa''Y I > A > 1 



for m > K^. This shows that Gm is not a free holomorphic function on'Df (see 
Theorem 12.11). which is a contradiction. Therefore, 



l/2fc 



1 



and, due to Theorem 12.11 is a free holomorphic function onVf. Consequently, 

oo 

F{rWi, . . . ,rWn) — ^ r^^^aaWa is convergent in the operator norm topol- 

fc=0 \a\=k 

ogy. Since G and F{rWi, . . . ,rGn) have the same Fourier coefficients, we must 
have G = F{rWi, . . . , rW„). Due to relation (|2.9p . for each r e [0, 1), we have 

||G™(rM^i,...,rW„)-F(rPFi,...,rW^„)|| ^0, as m ^ oo. 

The proof is complete. □ 

We say that a set C/ C HoliVf) is normal if each sequence {Gm}m=i i^i Q has a 
subsequence {Gmk}k'=i which converges to an element G £ G, i.e., for any r g [0, 1), 

||G™,(rVFi,...,rW„)-G(rVFi,...,rW„)|| ->0, as fc ^ oo. 

The set Q is called locally bounded if, for any r e [0, 1), there exists M > such 
that \\f{rWi, rWn)\\ < M for any f eQ. 

An important consequence of Theorem 12.31 is the following noncommutative 
version of Montcl theorem (see |31j ). Since the proof is similar to that from [87| . 
we shall omit it. 

Theorem 2.13. Let Q C Hol{'Df) he a family of free holomorphic functions. 
Then the following statements are equivalent: 

(i) T is a normal set. 

(ii) J- is locally bounded. 

li (p,ip £ Hol{T)f) and < r < 1, we define 

dr{^,i^) \\ip{rWu...,rWn)-^{rWu...,rWn)\\. 



Due to the maximum principle of Theorem 12.51 if Ti is an infinite dimensional 
Hilbert space, then 

dr{tf,i^)= sup \\Lp{Xi,...,Xn)-%l^{Xi,...,Xn)\\. 

(Xi,...,X„)G-D/,.CH) 
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Let < Tm < 1 be such that {rm}m=i is an increasing sequence convergent to 1. 
For any f,tpG Hol{'Df), we define 



m—1 



1 + {if, V') ' 



Using standards arguments, one can show that p is a metric on Hol{T>f). 
Theorem 2.14. {Hol(T>f), p) is a complete metric space. 

Proof. First, notice that if e > 0, then there exists (5 > and to e N such 
that, for any ip,ip Hol{Vf), dr^{ip,ip) < S => p{(p,ip) < e. Conversely, if 
5 > and to € N are fixed, then there is e > such that, for any ipjtp & Hol{T>f)^ 
p{(p,ifj) < e =^ dr^{(p,tlj) < S. 

Now, let {gk}'kLi <^ HollVf) be a Cauchy sequence in the metric p. An im- 
mediate consequence of the above observation is that {gk{rmW\, . . . TrmWn)}'kLi 
is a Cauchy sequence in B{F'^{Hn)), for any to = 1, 2, . . .. Consequently, for each 
TO = 1, 2 . . ., the sequence {gk{rmWi, . . . , '"mW^n)}fc^i is convergent in the operator 
norm of B{F^{Hn))- According to Theorem 12.31 there is a free holomorphic func- 
tion g e HoliVf) such that gkirWi, . . . ,rWn) converges to g{rWi, . . . ,rWn) for 
any r € [0, 1). Using again the observation made at the beginning of this proof, we 
deduce that p{gk,g) — > 0, as fc — > oo, which completes the proof. □ 

We remark that. Theorem 12. 131 implies the following compactness criterion for 
subsets of Hol{'Df). 

Corollary 2.15. A subset Q of {Hol{I)f),p) is compact if and only if it is 
closed and locally bounded. 



2.4. Cauchy transforms and analytic functional calculus for n-tuples of 

operators 

In this section, we define a Cauchy transform C f_T associated with any positive 
regular free holomorphic function / on B(Ti.)" and any n-tuple of operators T := 
(Ti, . . . , T„) G with joint spectral radius r/(Ti, . . . , r„) < 1. 

This is used to provide a free analytic functional calculus for such n-tuples of 
operators. In particular, if p is a positive regular noncommutative polynomial, we 
prove that 

<?(ri, . . . , r„) = Cp.TigiWi,. . . , Wn)), giWi, . . . , M/„) e F„°°(I?p), 

where g(Ti, . . . ,Tn) is defined by the free analytic functional calculus associated 
with the domain Vp. In the last part of this section we obtain an analytic functional 
calculus and Bohr type inequalities in the commutative case. 

Let / = E aewt '^oi-^oi^ a € C, be a positive regular free holomorphic on 
B{n)". For any n-tuple of operators T := (Ti,...,r„) e such that 

Y] UaTaT* < OO, we define the joint spectral radius of T with respect to 

|a|>l 

the noncommutative domain Vf to be 

r;(Ti,...,r„):= lim \\<^f^AlW^'"' , 
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where the positive Hnear map $/.t '■ B{Ti) B{H) is given by 

|q|>1 

and the convergence is in the week operator topology. In the particular case when 
/ := Xi + • • • + Xn, we obtain the usual definition of the joint operator radius for 
n-tuples of operators. 

Since Q"Ar.A* is SOT convergent (see Section [LT|) . one can easily see that 

l"l>i 

the series ^ OqAq (g) T| is SOT-convergent in B{F^{Hn) (g) H) and 

|a|>l 





3r; 


< 






^ ^ 


l"l>i 






|a|>l 




|a|>l 



We call the operator 

|a|>l 

the reconstruction operator associated with the n-tuple T := (Ti, . . . ,T„) and the 
noncommutative domain Df. Notice also that 



(2.13) 



J"l>i 











< 





1/2 



1 1/2 



where f ■= J2 ^aX^ and ^ f fSX) '■— OaAcyA*. Hence, we deduce that 

|q|>1 ' |a|>l 



(2.14) 



rl ^a^A^^T?) < r^-(Ai, . . . , A„)r/(Ti, . . . , T„), 
J"l>i 



where r(A) denotes the usual spectral radius of an operator A. Due to the re- 



sults of Section II. 1[ we have 
Consequently, we have 



^/a(^) < 1, which implies ry^(Ai, . . . , A„) < 1. 



(2.15) 



r I aaAa^n | < '^/(^i, . . . , r„). 

.\a\>l 



Assume now that T :— (Ti, . . . , r„) G i3(7i)" is an n-tuple of operators with 
r/(Ti, . . . , r„) < 1. We introduce the Cauchy kernel associated with T to be the 
operator 

C/,t(Ai,...,a„) ■= \ i- J2 a5A„(»r; 

|q|>1 



(2.16) 



which is well-defined due to relation (|2.15p . Notice that 

/(Yi,...,r„) = J2 «"A„®T? 

|a|>l 
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where f{Yi, . . . , F„) :— J2 cLoYa and Yi :— Ki®T* , i — 1, . . . ,n. Due to inequality 

|q|>1 

OO 

(ma . we have ■ • ■.Yn)''\\ < oo and, therefore, 

k=0 



(2.17) 



C/,T(Ai,...,A„) = f]/(yi,...,y„)^ 



k=0 



where the convergence is in the operator norm topofogy. 

We remark that C/,t(Ai, . . . , A„) is in R'^(Pf)'S>B(H), the W^OT-closed oper- 
ator algebra generated by the spatial tensor product. Moreover, due to the results 
of Section 11.11 and Section 11.31 its Fourier representation is 



(2.18) 



C/.t(Ai,...,A„)= J2 



where the coefficients ba, a € F+ are given by relation (|1.2|) . In the particular case 
when / is a polynomial, the Cauchy kernel is in Tin{'Df)(E)B{'H). 

In what follows we also use the notation C/^t ■= C'/,t(Ai, . . . , A„). Here are a 
few properties of the noncommutative Cauchy kernel. 

Proposition 2.16. Let T ■= (Ti, . . . ,T„) e B{Ti.Y n-tuple of operators 

with joint spectral radius rf{Ti, . . . , T„) < 1. Then the following statements hold: 



oo 1/2 



(i) < E */,tW 

fc=0 



(ii) C/,T - Cf^x = Cf^T 



E a5A„®(T?-Xi) 

|a|>l 



Cf^Xi and 



- C/,x|| < II C/,T 1 1 II C/.x I 



I"I>1 



1/2 



for any n-tuple of operators X :— (A'l, . . . , X„) e _B(7i)" with joint spec- 
tral radius rf{Xi, . . . , X„) < 1. 



Proof. Since 

||*/,a(^)II < 1) relation ((2l3l) implies 



iq,t|| < J2 • • • ' = E M:Tii)f' , 

fe=0 fc=0 
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To prove (ii), notice that 
Cf,T - Cf^x 



\a\>l 



\a\>l 
-1 



|«|>1 



c 



^ aaA, ® (T; - ) 

|a|>l 



and 



|a|>l 



||C/,T-Q,x|| < \\Cf,T\m, 



< \\Cf.T\\\\Cf,x\ 
which completes the proof. 



|q|>1 



Y a^iT^-X^){T:~X:) 
H>i 



1/2 



□ 



We remark that, in particular, if the n-tuple T :— (Ti, . . . , r„) e Pj(7i), then 
||C/_t|| < ^ (/)||^/^ • -'-'^'^•^'^d, in this case, we have ||$/.t(-^)|| < 1 and 

k=0 fc=0 " ■'■ ^ 

Now, the assertion follows from part (i) of Proposition 12.161 

Given an n-tuple of operators T :— (Ti, . . . ,T„) e B{T-l)'^ with joint spectral 
radius rf{Ti, . . . ,Tn) < 1, we define the Cauchy transform at T to be the mapping 

C/.T : B{F'{H,,)) ^ B{n) 

defined by 

{Cf^T{A)x, y) := {{A ® /„)(! ® x), C/,t(Ai, . . . , A„)(1 (g) y)) 

for any x,y £H, where Ai, . . . , A„ are the weighted right creation operators asso- 
ciated with the noncommutative domain Vf. The operator C/_t(^) is called the 
Cauchy transform of A at T. 

Now, we provide a free analytic functional calculus for n-tuples of operators with 
joint spectral radius r.p(Xi, . . . , Xn) < 1, which now turns out to be continuous and 
unique. 

Theorem 2.17. Letp be a positive regular noncommutative polynomial and let 
T := (ri,...,T„) G 5(7^)" be an n-tuple of operators with joint spectral radius 
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rp{Ti, . . . ,Tn) < 1. If g := CaZa is a free holomorphic function on the 
noncommutative domain 'Dp{Ti.), then the series 

oo 

5(Ti, . . . , T„) ^ ^ CaTa 

k=0 \a\=k 

is convergent in the operator norm of BiTL) and the mapping 

^-p.T : Hol[Vp) ^ B{n) defined by *p,T(.g) g{Ti,..., T„) 

is a continuous unital algebra homomorphism. Moreover, the free analytic func- 
tional calculus is uniquely determined by the mapping 

Z,t-^Ti, i = 1, . . . , n. 

Proof. Let T (Ti, . . . , r„) e 5(7^)" be such that rp(Ti, . . . , r„) < 1. Using 
relations (|2.18p . (|1.7p . (|1.12p . and the definition of the reconstruction operator, we 
obtain 

{Cp,T{Wa)x, y) = {{Wc, ® /«)(! ® x), Cp,T(Ai, . . . , A„)(l ® y)) 

= / --^e„ ®x,Y^ bp{Kp ® Tp(l ®y)\ 
\ " /3eF+ / 

= {TaX, y) 

for any y G 7i. Hence we deduce that, for any polynomial q{Wi, . . . , Wn), 

{q{Ti, T„)x, y) = {{q{Wi, . . . , M^„) ® In){l x), Cp,T(Ai, . . . , A„)(l ® y)) 
and, therefore, 

(2.19) ||(?(Ti,...,T„)|| < ||g(M^i,...,W^„)|||iCp,T(Ai,...,A„)|| 

for any polynomial q{Wi, . . . ,Wn)- Since g ^ CqZq is a free holomorphic 

oo 

function on Vp, the series gr{Wi, . . . , Wn) := S Car^°'^Wa converges in the 

fc=0 |a|=fc 

operator norm topology. Now, using (j2.19p . we deduce that gr{Ti, . . . ,Tn) '■= 

oo 

X) S Car^"^Ta converges in the operator norm topology of i?(7i), 

fc=0 \a\=k 

(2.20) |l5.(Ti, . . . ,T„)|1 < \\gr{Wi, W„)|| ||Cp,T(Ai, . . . , A„)|l, 
and 

{9riTi,...,Tn)x,y) 

^' ' = (((7,(l¥i,...,W„)®/„)(l®x),Cp,T(Ai,...,A„)(l®2/)) 

for any x,y d Ti.. Now, we need to prove that if rp(Ti, . . . ,Tn) < 1, then there 
exists a constant t > 1 such that rp{tTi, . . . ,tTn) < 1. Indeed, notice first that if 
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p{Ti, . . . ,Tn) ^ flcTa, then 

l<|Q|<m 

\l<\a\<m 

where {V(ct)}i<|Q|<„i is any sequence of isometries with orthogonal ranges. Since 
the spectrum of an operator is upper semi-continuous, so is the spectral radius. 
Consequently, for any 5 > there exists e > such that if 

||[Ti -ri,...,r„-y„]|| < e, then rp(yi,...,r„) <rp(Ti,...,r„) + ,5. 

Since rp{Ti, . . . ,T„) < 1, we deduce that there exists a constant t > 1 such that 
rp{tTi, ...,tTn) < 1. Applying relation ((2:201) and ((23T|) when r i and is 
replaced by tTi, i = 1, . . . , n, we deduce that 

C30 

g{Ti, . . . , T„) ^ ^ c„r„ 

k=0 \a\=k 

is convergent in the operator norm of B{'H) and 
{g{Ti, . . .,Tn)x,y) 

(2.22) / \ 
- ((.gr(M^i, . . . , W'n) ® ® a;), Cp,ix(Ai, . . . , A„)(l ® y)^ 

for any x,y G Ti. Hence , we have 

(2.23) ||5(Ti,...,r„)|| < |l5r(W^i,...,W^„)||||Cp,i^(Ai,...,A„)||. 

Now, to prove the continuity of 5'p,T, let gm and g be in Hol{'Dp) such that 
ffm — > g, as m — CX3, in the metric p of Hol(T>p). This is equivalent to the fact that, 
for each r e [0, 1), 

(2.24) g^{rWi,...,rWn) ^ girWu...,rWn), as m -> cjo, 

where the convergence is in the operator norm of B{F^{Hn)). According to (j2.23p . 
we have 

\\gm{Ti, . . . ,T„) - g{Ti, . . . ,T„)|| 

< hmirWi,. . . , riy„) - g{rWi,. . . , rVF„)|| WCp^iA^i, • ■ ■ , A„)||. 
Now, using ()2.24|) . we deduce that 

(2.25) ||5„(ri,...,r„)-5(Ti,...,T„)|| ^0, as m ^ oo. 

which proves the continuity of 5'p,T- 

To prove the uniqueness of the free analytic functional calculus, assume that 
<1> : Hol{T>p) — > BiTi.) is a continuous unital algebra homomorphism such that 
^{Zi) = Ti, i — 1, . . . ,n. Hence, we deduce that 

(2.26) ^pAliZi, . . . , ^n)) = HliZi, . . . , ^,0) 

for any polynomial q{Zi, . . . , Z„) in Hol{Vp). Let g — X^fcLo X)|Q|=fc ^aZa be an 
element in Hol{Vp) and let qm '■= X^feLo E|Q|=fc '^aZa, m = 1, 2, . . .. Since 

oo 

g{rWi,...,rW.a) = Y. W„ 

fc=0 |a|=fc 
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and the series J2T=o '^^ Y.\a\=k o^aWa 



converges, we deduce that 



in the operator norm, as m — )■ oo. Therefore, — >■ 3 in the metric p of Hol{'Dp). 
Hence, using (I2.26P and the continuity of $ and ^'p,T, we deduce that $ = ^p,t- 
This completes the proof. □ 

Corollary 2.18. // (ri,...,T„) e B{H)" is an n-tuple of operators with 
rp{Ti, . . . , T„) < 1 and g{Wi, . . . , T4^„) G F^fC^p), then 

g(ri,...,T„)-Cp,T(ff(P^i,...,W^„)), 

where g{Ti, . . . , r„) is defined by the free analytic functional calculus. 

oo 

Proof. Assume that g := J2 J2 o-aWa is in F^{Vp) and < r < 1. Then, 

k=0 \a\=k 

we have 

m 

hm V r'' V a^W^ = • • • , W„) S 

m— >oo ^ — ^ — ' 

k=0 \a\ = k 

in the operator norm of B(F^{Hn)), and 



hm r''^ OaTa = ffrlTi, ■ • ■ , r„) 

). — >oo ."^ ^ ^ ^ 



m — >oo 

k=0 \a\=k 

in the operator norm of B[TL). Now, due to the continuity of the noncommutative 
Cauchy transform in the operator norm, we deduce that 

(2.27) . . . ,T„) = Cp.T[gr[Wu ■ • • , W^)). 

Since g{Wi, . . . , e F^{Vp), we know that hm gr(Wi, ...,Wn)= g{Wi, . . . ,Wn) 

in the strong operator topology. Since ||gr(W^i, • ■ • , Wn)\\ < . . . , W^n)||, we 

deduce that 

SOT -lim[griWi,...,Wn)® In] =9iWi,...,Wn)® In- 

On the other hand, notice that lim gt{Ti, . . . , T„) ~ <?(?!, . . . , r„) in the operator 
norm. Indeed, using relation (|2.22p . we deduce that 
||5(Ti,...,T„)-5t(Ti,...,T„)|| 

< \\gr{Wi, . . . , T^„) - 5r(tW^i, . . . , W„)||||Cp,iT(Ai, . . . , A„)||. 

Since ||(?r(M^i, • ■ ■ , Wn) — gr{tWi, . . . , iW„)|| — > 0, as t ^ 1, we prove our assertion. 
Now, passing to the limit, as r 1, in the equality 
(5,.(Ti, . . .,Tn)x,y) 

= {{griWu . . . , iy„) (g) In){l ® x), C'p,t(Ai, . . . , A„)(l ® y)) , 

where x,y ^Ti, we obtain g{Ti, . . . , r„) = Cp^x(5(W^ii ■ ■ ■ , Wn)), which completes 
the proof. □ 

Using the Cauchy representation provided by CoroUarv 12.181 one can deduce 
the following result. 

Corollary 2.19. Let (ri,...,r„) e B{Hy^ be an n-tuple of operators with 
rp{Ti, . . . ,T„) < 1. 
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(i) // {gk}'k=i g are free holomorphic functions in Hol{'Dp) such that 
\\gk - g\\oa ^0, as k ^ Qo, then gk{Ti, . . . ,T„) g{Ti, . . . ,T„) in the 
operator norm of B{Ti.). 

(ii) If {gk}'kLi and g are in the noncommutative Hardy algebra F^{Vf ) such 
that 



in the w* -topology (or strong operator topology) and \\gk{Wi, . . . , Wn)\\ < 
M for any k = 1,2, . . ., then gk{Ti, . . . , Tn) g{Ti, . . . , r„) in the weak 
operator topology. 



Using Theorem 12.31 Theorem 12.171 and the results from Section 11.41 one can 
deduce the following. 

Proposition 2.20. For any n-tuple of operators (Ti,...,T„) e 'D°{H), the 
free analytic functional calculus coincides with the (Vp) -functional calculus. 

Now, we present a connection between free holomorphic functions on noncom- 
mutative domains and holomorphic functions on Reinhardt domains. 

Proposition 2.21. Let p be a positive regular noncommutative polynomial. If 
G{Zi, . . . , Z.„i) := '^aZa is a free holomorphic function on the noncommu- 

tative domain Vp, then g{Xi, . . . , A„) :— X]aeF+ '^a^a is a holomorphic function on 
the Reinhardt domain 



Moreover, the map <I> : Hol(T>p) — > Hol{Vp{C)) defined by ^{G) := g is continuous. 



Proof. For each ^ :== (^i, . . . ,^„) e T>°{C), define Zp := J2ae¥+ 
Since {fii, . . . , is of class C.q with respect to Vp, relation (jl.2ip implies 



which shows that Zp g F^{Hn). If A :— (Ai,...,A„) G then there exists 
r e (0,1) such that (^Ai, . . . , iA„) G T>°{C). Applying the above relation to 
the latter n-tuple of complex numbers, we deduce that ^ t^w^/sI'^/sI^ ^ 



On the other hand, since G is a free holomorphic function on Pp, the operator 
G{rWi, rWn) is in An{Vp). Hence, G{rWi,. . . , rWn){l) € F'^{Hn) and conse- 
quently ^ |c/3p^ < cx). Now, we have 



which clearly implies that 5(Ai, . . . , A„) is a holomorphic function on the Reinhardt 
domain V°JC). 



gu{Wx,...,W^)^ g{Wi,...,Wn) 





1, 
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To prove the last part of the proposition, let {Gm}m=i and G be in Hol{T>p) 
and let {grn\m=i ^-i^^ 9 be the corresponding representations on C, respectively. 
Due to to Proposition 12.21 we have 

sup |gm(Ai, . . . , A„) - g(Ai, . . . , A„)| 

(Ai,...,A„)ePp,,.(C) 

< WG^rWu . . .,rW^) - G{rWu rWn)\\ 

for any r € [0, 1). Hence, we deduce that if Gm ^ G in the metric p of Hol{'Dp), 
then g„i — > g uniformly on compact subsets of X'°(C), which completes the proof. 

□ 

Using Proposition 12 . 161 and Proposition [233 we can obtain the following. 

Corollary 2.22. Let T (Ti, . . . ,r„) e B{Hy^ be an n-tuple of operators 
with joint spectral radius r^(Ti, . . . , r„) < 1. Then, the map 5'/,t ■ F^{T^f) ~^ 
BiTi.) defined by 

*/,T(g) = giTu . . . , CrigiWi, . . . , Wn)), 

for any g{Wi, . . . ,]¥„) G F^(T>f), is a unital WOT continuous homomorphism 
such that ^/,T(W^a) — Ta for any a £ F+. Moreover, 

ll3(ri,...,T„)|| < (f^MTWf) ||.9(W^i,...,W^n)|i. 

In the last part of this section, we introduce a Banach space of analytic func- 
tions on T>°{C) C C" and obtain von Neumann and Bohr type inequalities in the 
commutative setting. 

Let p := '^i<\a\<m'^aXa bc a positivc regular noncommutative polynomial 
and let p :— {pi, . . . ,pn) be a multi-index in Z" . If A := (Ai, . . . , A„) G C", then 
we set AP := A^^ • • • AJ^" and define the symmetrized functional calculus 

(AP)sym(M^l, . . . ,W„) -.^ — bcWa,, 

where 

Ap := {a e F+ : A^ = AP for any A e B„}, 

the coefficients are defined by (|1.2p , and Wi , . . . , Wn are the weighted left cre- 
ation operators associated with T>p. Denote by i/syin(I'°(C)) the set of all analytic 
functions on T>°{C) with scalar coefficients 

g{Xi, . . . , A„) := ^ APflp, ap e C, 

such that 

oo 

fe=0 peZ!J:,|p|=A: 

is convergent in the operator norm for any r G [0, 1). 

Setting gsym{rWi,. . .,rWn) = I^|a|=fe ^'"'cal^c, we have co := ao and 

Cq ■— ba^, where p e Z", p ^ (0, ...,0), is uniquely determined such that 
Aq = AP for any A G B„. 
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Notice that gsym{Zi, . . . , Z„) is a free holomorphic function on Dp. We define 
i?s^,jj(I?°(C)) as the set of ah functions g £ i?sym(2?p(C)) such that 

llffllsym sup WgsymirWi, . . . ,rWn)\\ < oo. 

0<r<l 

Theorem 2.23. {H^^{V°{C)), \\ ■ ||sym) is a Banach space. 

Proof. First notice that if 5 G H^^{'D° (C)) then gsy-mirWi , . . . , rW„) is norm 
convergent and (7sym(-^i, • ■ • , Zn) is a free holomorphic function on the noncommu- 
tative domain Dp . Using Theorem l2.H it is easy to see that H^^^{T>° (C)) is a vector 
space and |1 • ||sym is a norm. Let {gm}m=i be a Cauchy sequence of functions in 
H^^{V;{C)). According to TheoremEU (5m)sym € F^{Vp) and {(g™)sym}™=i 
is a Cauchy sequence in || • ||oo, the norm of the Banach algebra F.^{'Dp). Therefore, 
there exists f{Wi, Wn) e F^{Vp) such that 

||(5m)sym - </5(W^l, ■ • ■ , W^„)||oo ^ 0, aS m^OO. 

If5„j(Ai,...,A„) := ap"^AP, Op € C, then (g,m)sym = EfcLo E|Q|=fc ci™'' VF^, 

where Cq""* := — ■ If X]aeF+ ^aWa is the Fourier representation of the operator 
(p{Wi, . . . , Wn), then we have 

-^14™) - d„| = |(M/„*[(.9™)sy,n(W^l, ...^Wn)- ^(T^l, • . • , Wn)]l, 1)| 
< ||(.9m)sym(VFi, . . . , W„) - (^(VFi, . . . , W'„)]||oo. 

Taking m 00, we deduce that ci'"'' ^ da for each a € F+. Since cL™"* := — , 
we deduce that da — ba-^, where a'^ — i^^Is., Setting h{Xi, . . . , A„) :— '^p'^^'i 

we have hsym = y^iWi, . . . , W„). Moreover, ||/i||sym = ||<p(W^i, ■ • ■ , Wn)\\ < 00. This 
shows that H^^{'D°{C)) is a Banach space. □ 

Now, using Theorem 12. 171 we can deduce the following. 

Proposition 2.24. IfT ■= (ri,...,T„) e B{Hy'- is a commuting n-tuple of 
operators with the joint spectral radius rp{Ti, . . . ,Tn) < 1 and g{Xi, . . . , Xn) := 
J2 flpAP is in i/sym(2?°(C)), then 

OQ 

g{T,,...,Tn):^Yl E "p^'' 

k=0 piEZ!f.,|p|=fc 

is a well-defined operator in B(Ti.), where the series is convergent in the operator 
norm topology. Moreover, the map 

■■ H,ym{V;{C)) ^ B{n) ^t{9) ■■= 9{Ti, . . . ,T„) 

is continuous and 

\\g{Ti,...,Tn)\\<M\\g\\,y^, 

where M = j:Zo\KTiI)f- 

Using now the Bohr type inequality of Section [^T^ we can obtain the following 
commutative version for iJsym(2^p(C)). 
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Corollary 2.25. Let (?(Ai, . . . , A„) := ^ A^ap be a holomorphic function 
in Vp (C) such that 

hsymirWi,. . .,rWn)\\ < 1 for < r < 1. 

Then 

oo 

E E l^''ll«pl<l 

fc=o pei.l,\p\=k 
for any A := (Ai, . . . , A„) e Dp,i/3(C). 

In particular, we obtain the following Bohr type inequality for analytic poly- 
nomials. 

Corollary 2.26. Let N = 2,3,. .., and let 

q{Xi, . . . ,Xn) := ^ X^ttp, ap e C, 

pez:^,|p|<Af-i 

be an analytic polynomial such that ||9sym(^^i, • • • , Wn)\\ < 1. Then 

J2 E i^''ii«pi<i 

k=o pez:j:,|p|=fe 
for any A := (Ai, . . . , A„) G Vp^-^^/siC). 



CHAPTER 3 



Model theory and unitary invariants on 
noncommutative domains 

3.1. Weighted shifts and invariant subspaces 

In this section we obtain a Beurling type characterization of the invariant snb- 
spaces under tlic weighted left creation operators (Wi,...,\Vn) associated with 
the noncommutative domain Vj. We deduce a similar result for the model shifts 
{Bi, . . . , Bn) associated with a noncommutative variety Vfj C T>f, generated by a 
ui* -closed two sided ideal of the Hardy algebra F^(Vf ). 

Define the positive linear mapping : B{F'^{Hn)®'H) B{F'^{Hn)®'H) 

by setting 

(F) := a„(W^„ ® lH)y{Wo, ® luT , 

l"l>i 

where the convergence of the series is in the weak operator topology. We recall that 
an operator M : F^{Hn) ^Ti ^ F'^{Hn) ®lC]s called multi-analytic with respect 
to VTi, . . . , W„ if M{Wi ® In) = (Wj Ijc)M for any i = l,...,n. In case M is a 
partial isometry, we call it inner. 

Theorem 3.1. Let f be a positive regular free holomorphic function on BiTi)"' . 
IfYG B{F^{Hn) ®'H), then the following statements are equivalent. 

(i) There is a Hilbert space £ and a multi- analytic operator \1/ : F^{Hn) ® 
£ — > F'^{Hn) ® H with respect to the weighted left creation operators 
Wi,..., Wn, such that Y = 

(ii) ^f,w0i{Y) < Y. 

Proof. Assume that (ii) holds. Then Y - ^ ^ for any m = 

1,2, — Since {Wi, . . . ,Wn) is of class C.q with respect to Vj, we have SOT- 
lim„^oo $^jyig,^(y) — 0, which implies F > 0. Let M := rangeF^/^ and define 

(3.1) A,{Y^/^x) ■.= Y^/\W* ®Ih)x, xGF^{Hr,)®n, 

for any i = 1, . . . ,n. Notice that 

\a\>l \a\>l 

= {<^f,wm{Y)x,x) < \\Y^/^x\\^ 

for any x € F'^{Hn) ®n. Hence, we have ag^\\AiY'^/'^x\\^ < \\Y'^/'^x\\'^, for any 
X e F'^{Hn) H. Since ag. ^ 0, Ai can be uniquely be extended to a bounded 
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operator (also denoted by Ai) on the subspace M. Denoting Ti := A* , i = 1, . . . ,n, 
an approximation argument shows that 

|q|>1 

On the other hand, due to (13.11) . we have 



for any x e F^{H„) (g> H. Since SOT- Um $ 



f,W0I 



(I) 



0, we have SOT- 



hm ^Trp{I) — 0, which shows that T := (Ti, . . . , r„) is of class Co with respect 

to 'Df{M). According to Section[L2l the Poisson kernel K/,r : M -> F^(i?„) «) £ 
{£ is an appropriate Hilbert space) is an isometry with the property that 



(3.2 



T,K*, 



1, . . . ,n. 



f,T = K}^T{W,®l£), 

Let * := Y^/'^K*f j, : F'^{Hn) ® £ F'^{H„) (g) H and notice that 

*(m <8 Is) = Y'^^Kl^iW, ® Is) - Y^/^T,K}^T 
= {W, ® In)Y^/^K}^j, = (W, ® 

for any i = 1, ... , 7i. Notice also that = Y^^^K*j j,Kf^TY^^^ = F. 



□ 



Now, we can obtain a Beurling [22] type characterization of the invariant sub- 
spaces under the weighted left creation operators associated with a noncommutative 
domain Vf. 

Theorem 3.2. Let f be a positive regular free holomorphic function on S(7i)", 
and let (Wi, . . . , Wn) be the weighted left creation operators associated with a non- 
commutative domain T>f. A subspace A4 C F^(Hn) is invariant under each 
operator Wi (g) I-^, . . . , Wn ® In if md only if there exists an inner multi- analytic 
operator ^ : F'^{Hn) (8) f — > F^{Hn) ® TI with respect to the weighted left creation 
operators Wi , . . . , Wn such that 

M = -i'[F^{Hn)(E)£]. 

Proof. Assume that Ai C F'^{Hn) <E)'H is invariant under each operator Wi (E) 
I-H, ■ ■ ■ ,Wn®lH- Since Pa^ (Wi (g) /•h)Pm = {Wiig) In)PM for any i ^ 1,. . . ,n, and 
(Wi, . . . , Wn) e VfiF^Hn)), we have 



M 



J2 a^iWa <8) In)PMiW: ® Ih) 



\a\>l 



P. 



M 



< P. 



M 



Pm 



J2 aa(W„®/w)(W:®/w) 

Ja|>l 

<Pm 

Applying Theorem 13.11 to our particular case, there is multi-analytic operator ^E" : 
F^{Hn) (Xi £ — + F^{Hn) (Xi H with respect to the weighted left creation operators 
Wi, . . . ,Wn such that Pm = ^'5'*. Since Pm is an orthogonal projection, we 
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deduce that \I> is a partial isometry and Ai — '^\F^{Hn) ® £]■ The converse is 
obvious. The proof is complete. □ 

Now, we turn our attention to noncommutative varieties V/,j C "Df and the 
constrained shifts associated with them. 

Let J be a w*-closed two-sided ideal of F^{Vf) such that J ^ and 
define the subspaces of i^^(iJ„) by 

Mj:= JF^{Hn) and Afj -.^ {Hn) Q M j . 

It is easy to see that the subspace Afj is invariant under the operators Wj* , . . . , 
and Al,...,Al. On the other hand, notice that TVj 7^ if and only if J ^ F^ {V /) . 
Indeed, due to Theorem 1 1.14[ for any (p e F^{'Df), 

diip, J) = ||Paa.,</'(T^i,...,W„)|AO||. 

Define the constrained weighted left (resp. right) creation operators associated with 
the noncommutative variety V/,j by setting 

B, P^jW,\U,j and ~ Pm,KWj. « - 1, ■ • • , «• 

Let F^{Vf^j) be the u;*-closed algebra generated by Bi,. . . ,Bn and the identity. 
We showed, in Section [L5l that 

F^iVf.j) = P^,F^{Vf)\Mj = {g{B,, . . . , B,,) : giW,,..., W„) € F^{Vf)}, 

where, according to the F^(I?/)-functional calculus, 

. . . , S„) = SOT- lim g{rB^, . . . , rE„). 

Note that if e J, then if{Bi, . . . , i?„) = 0. Therefore, (Bi, . . . , i?„) is in V/,,/(7Vj) 
and, due to the results of Section II. 5( it plays the role of universal model for the 
noncommutative variety V/.j. 

Similar results hold for {Vf,j), the u'*-closed algebra generated by Ci , . . . , C„ 
and the identity. Moreover, one can prove that 

(3.3) F^iVfjY = R^{Vf,j) and R^iVfj)' = F-(V/.j), 

where ' stands for the commutant. An operator M G B{Mj ® JC,Afj (E) K!) is called 
multi-analytic with respect to the constrained shifts _Bi , . . . , i?„ if 

M {B, ® Ik) = (B^ ® Ik.')M, i = 1, . . . , n. 

If M is partially isometric, then we call it an inner multi-analytic operator. Using 
p.3p . we can show that the set of all multi-analytic operators with respect to 
_Bi , . . . , Bn coincides with 

R^{Vf,j)m{lCX) = PK,®K'[R^{'Df)®B{K.,K.')]\Uj ®K., 

and a similar result holds for the algebra i^ra(V/,j). 

The next result provides a Beurling type characterization of the invariant sub- 
spaces under the constrained weighted shifts Bi, . . . ,i3„, associated with the non- 
commutative variety V/,,/. 

Theorem 3.3. Let J ^ F^{T)f) he a w*-closed two-sided ideal of F^{Vf) and 
let Bi, . . . , Bn be the corresponding constrained left creation operators associated 
with the noncommutative variety Vf^j{Nj). A subspace M. C J\fj ® K. is invariant 
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under each operator Bi ®Ik., i = 1, . . . , rt, if and only if there exists a Hilbert space 
Q and an inner operator 

e(Ci, . . . , c„) G i?,T(V/,j)'^s(g,/c) 

such that 

(3.4) M=Q{Ci,...,Cn)Wj^g]. 

Proof. Due to the remarks preceding the theorem, the subspace Nj ® JC \s 
invariant under each operator W* ® Ijc, i — ^, ■ ■ ■ ^n, and 

{W* ® Ik)Wj ® K = B* ® Ik, i = l,...,n. 

Since the subspace [Nj^JO^QM is invariant under B*®!^., i — 1, . . . ,n, we deduce 
that it is also invariant under each operator W* (8) //c, i = 1, ■ ■ ■ ,n. Therefore, the 
subspace 

(3.5) £ := [F^{Hn) ^ JC] Q {[J\fj ^ JC] Q M} = [Mj ^ JC] ® M 

is invariant under Wi /yc, z = 1, . . . ,n, where Aij := F^{Hn) Mj. Using 
Theorem 13.21 we find a Hilbert space Q and an inner multi-analytic operator 

e(Ai,...,A„) e R^{Vj)®B{g,lC) 

such that 

£ = e(Ai,...,A„)[F2(i7„)®^]. 
Since 0(Ai, . . . , A„) is a partial isometry, we have 

(3.6) = e(Ai,...,A„)e(Ai,...,A„)*, 

where Ps is the orthogonal projection of F'^{Hn) (8) K. onto £. Notice that the 
subspace A/j /C is invariant under the operators K* ® i = ■ ■ tTi. Moreover, 
using the remarks preceding the theorem we have 

e(Ci, . . . , c„) = Px7®K0(Ai, . . . , K)Wj ® ic. 

Now, it is clear that equation p.6p 

PNj^KPeWj (g>jc = e(Ci, . . . , c„)e(Ci, . . . , C7„)*. 

Due to relation (|3.5p , the left hand side of this equality is equal to Pm , the orthog- 
onal projection of J\fj (g) JC onto A4. Hence, we deduce that 

= e(Ci,...,c„)e(Ci,...,c„)*, 

the operator 0(Ci, . . . , C„) is a partial isometry, and 

M^e{Ci,...,Cr^)Wj<E>g]. 

The proof is complete. □ 

From now on, throughout this section, we assume that J is a i(;*-closed two- 
sided ideal of F^{T>f) such that 1 e Mj. We recall that a subspace 7i C /C is called 
co-invariant under S C B{JC) if X*7i C Ti for any AT G 5. 

Theorem 3.4. Let J be a w* -closed two-sided ideal of F^{'Df) such that 1 G 
A/j and let IC be a Hilbert space. If M ^ Afj ® JC is a co-invariant subspace under 
Bi® Ifc, i — 1, ■ ■ ■ ,n, then there exists a subspace £ Q K, such that 

(3.7) spm{{Bc,®lK)M: ac¥+) =Nj®£. 
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Proof. Define the subspace £ C K. hy £ {Pc (8" Ik)-M. and let ip be an 
arbitrary nonzero element of Ad witli Fourier representation 

(/? — ^ Cq (g) ha, ha € JC. 

Let /9 € F+ be such that hp and notice that 

(3.8) {Pc®lK){Bl®lK)v^l®-^hp. 

Indeed, since 1 S A/j and using relation ()1.10p . we have 

{{Pc I>c){B}i (E) Iic)v,l(E) h) 

= {{W^ ^ Ik)v. l®h) = {{Pc ® Iic){W^ ® I,c)'P, 1 ® /i) 
{hi3,h) 



for any h e JC. Since <^(Pc Iic){B*p (g) e^E)h^ =0 for any 7 G F+ with 

I7I > 1, and h E K,, the result follows. Now, since is a co-invariant subspace 
under Bi® Iki i = I, ■ ■ ■ ,n, relation (j3.8p implies that hp € £. Hence, and taking 
into account that 1 G A/j, we have 

{Bp (g) l!c){l «) hp) = -^{P^f^ep) ^hpeAfj(E)£, for P e F+. 



/bp 

Since (/? £ C A/j /C, we deduce that 



m — ►oo 

fc=0 \a\=k 

is in JVj (g) £. Therefore M ^ Nj ® £ and 

3^:=span {(Pc,(g/K;)A1 : a G F+} C AAj (g 

To prove the reverse inclusion, we show first that £ <zy . Since AO is an invari- 
ant subspace under each operator W* , i — 1, . . . ,rt, and contains the constants, 
we have 

IUj - ^o.BaBl ^P^ il-Y^ aaWaW*a ] Wj 

|q|>1 \ |a|>l / 

= P^^.,PcWJ 

— ^C ' 

where P^'' is the orthogonal projection of A/j onto C. If ft-o & £, h^ ^ 0, then there 
exists g € M. G Nj ® £ such that g — l®ho+ ^ ea®ha- Consequently, we have 

|a|>l 

l®ho = {Pc® Ik)9 = {Pc-' ® Ik.)9 



|a|>l 



9- 
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Hence and since M is co- invariant under Bi®Iic^ i = 1, . . . ,n, we deduce that Hq G 
y for any ho G S, i.e., £ cy. The latter inclusion shows that {Ba(^Iic){^^S) C y 
for any a G F^, which implies 

(3.9) -^P^rJea cy, a G F+. 



Assume that (p G A/j ^ S C F^{Hn) (8i f has Fourier representation ip — J2 
Va, Ua ^ £■ Due to l|3.9p . we deduce that 



= (^Vj ® h)v = 1™ ^X/Gq ®ya&y- 

fc=0 \a\ = k 

Therefore, Nj ® £ Qy. The proof is complete. □ 
Now, we can easily deduce the following result. 

Corollary 3.5. Let J he a w* -closed two-sided ideal of F^{Vf) such that 
1 G Mj and let K, he a Hilhert space. A suhspace M Q Afj (X" /C is reducing under 
each operator Bi® Ix,, i — 1, . . . ,n, if and only if there exists a suhspace £ Q K, 
such that 

M^Nj(®£. 



3.2. C*-algebras associated with noncommutative varieties and Wold 

decompositions 

Given a positive regular noncommutative polynomial p and a u'*-closed two- 
sided ideal J of the Hardy algebra F!^{T>p), we associate with each noncommutative 
variety Vp, j C Vp the C*-algebra C* {Bi , . . . , i?„) generated by the model operators 
Bi , . . . , Bn and the identity. We obtain Wold type decompositions for nondegener- 
ate *-representations of C*{Bi, . . . , Bn). 

We recall that the universal model {Bi, . . . , B^) associated with the noncom- 
mutative variety Vp^j is defined by Bi :— Pj^jWi\J\fj , i = 1, . . . where J\fj := 
F'^{Hn) Q JF^{Hn) and (Wi, . . . , Wn) is the universal model for the domain Vp. 

Assume that the noncommutative domain Vp is generated by a positive regular 
noncommutative polynomial. We keep the notation of Section 13.11 

Theorem 3.6. Let J he a w* -closed two-sided ideal of F^{'Dp) .such that 1 G 
AO; o-nd let {Bi, . . . , _B„) he the universal model associated with the noncommutative 
variety Vpj. Then all the compact operators in B{Mj) are contained in the operator 
.space 

spEn{BaB*p : a,f3e ¥+}. 
Moreover, the C* -algebra C*{Bi, . . . , B^) is irreducible. 

Proof. Since 1 G AO and AO is an invariant subspace W* , i = 1, . . . , n, we 
deduce that 

\a\>l \ |a|>l / 
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where P^'' is the orthogonal projection of Afj onto C. Fix 

\a\<m /3GF+ 

and note that 

|a|<m |a|<m 

= U E 4=rfaea\ = (^,<?(i?l,...,S„)(l)>- 

\ |a|<m / 

Consequently, 
(3.10) 

. . . , B„)P^'g{B,, . . . , B^yC = (C, 9iBi, i?„)(l)) • ■ ■ , i?„)(l) 

for any polynomial q{Bi, . . . , Bn) in F^(Vp.j). Hence, we deduce that the operator 
q{Bi, . . . , Bn)P^' g{Bi, . . . , Bn)* has rank one. Moreover, since F^'' = Im,, — 
J2 ciaBaB^, it is clear that the above operator is also in the operator space 

|q|>1 

spanlB^S^ : a, /? G F+}. Since the set 

[ \|Q|<m / 

is dense in Afj, relation (|3.10p implies that all compact operators in B{Mj) are 
included in the operator space span{ iJ^i?^ : a, f3 Cz F+}. 

To prove the last part of this theorem, let Ai ^ {0} be a subspace of Afj C 
F^{Hn), which is jointly reducing for each operator Bi, i — 1, . . . ,n. Let ip G Ai, 
(/3 7^ 0, and assume that tp = cq + ^ CaCa- If cp is a nonzero coefficient of (p, then 

|a|>l 

PcB'gp = —j=ci3. Indeed, since 1 S A/j, one can use relation (|1.7p to deduce that 

{PcB},p,l) ^ {P^.WI^A) 

= {w;^, 1) = {Pcw;p, 1) = -^cp. 

Since (^PcB^jip, e^'^ = for any 7 e F+ with I7I > 1, our assertion follows. On the 
other hand, since = — (^aBaB^ and A4 is reducing for Bi, . . . , Bn, 

|a|>l 

we deduce that Cjs ^ Ai, so 1 G Ai. Using once again that A4 is invariant under 
the operators . . . , B„, we have £ C Ai. On the other hand, since £ is dense in 
Afj, we deduce that Afj C A4. Therefore Afj = Ai. This completes the proof. □ 

We say that two n-tuples of operators (Ti, . . . , r„), e B{n), and {T{, . . . , T^), 
T/ g BiTC), are unitarily equivalent if there exists a unitary operator U : H ^ H' 
such that 

T, = U*TlU for any i = 1, . . . , 71. 
If (-Bi, . . . , Bn) is the universal model associated with the noncommutative variety 
Vp,j, then the n-tuple {Bi I-^, ■ ■ ■ , Bn In) is called constrained weighted shift 
with multiplicity dimH. Using Theorem 13. 6| we can prove the following. 
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Proposition 3.7. Two constrained weighted shifts associated with the non- 
commutative variety Vp,j are unitarily equivalent if and only if their multiplicities 
are equal. 

Proof. One implication is trivial. Let {Bi ® I-j-c, . . . , i3„ (g) I-^) and {Bi (g) 
I-H' ,Bn® lu' ) be two constrained shifts and let U : Nj ®'H Afj he a 
unitary operator such that 

U{B,(E) In) = {Bi(E> In')U, i = l,...,n. 

Since U is unitary , we have 

U{B* (dIn)^{B* ®Ih')U, i = l,...,n. 

Since the C*-algebra C*{Bi, . . . , Bn) is irreducible, we must have U = I_\fj (g) A, 
where A e B{H, H') is a unitary operator . Therefore, dimW = dim W. The proof 
is complete. □ 

In what follows, we prove a Wold type decomposition for non-degenerate *- 
representations of the C*-algebra C* {Bi, . . . ,Bn), generated by the the constrained 
weighted shifts associated with Vp,j, and the identity. 

Theorem 3.8. Let p = ^ ciaXa be a positive regular noncommutative 

1 < I Q I < m 

polynomial and let J be a w* -closed two-sided ideal of the noncommutative Hardy 
algebra F^{Vp) such that 1 e Afj. If tt : C*(Bi, . . . , B„) B{K) is a nonde- 
generate * -representation of C*{Bi, . . . on a separable Hilbert space K,, then n 
decomposes into a direct sum 

TT = TTq ® TTi OK /C = /Co /Cl, 

where ttq and tti are disjoint representations of C*{Bi, . . . , B^) on the Hilbert spaces 
/Co : = span J TT{Bfi) il^- ^ a„7r(S„)7r(B„)* j /C : /3 e F+ I and 

\ \ l<|a|<m / J 

/Ci : = Kq, 

respectively. Moreover, up to an isomorphism, 

(3.11) /Co-AOoe, TTo{X) = X®Ig for X€C*{Bu...,B^), 

where G is a Hilbert space with 

dim^ = dim range I — aaT^{Ba)T^{Bay 

\ l<|a|<"i 

and TTi is a * -representation which annihilates the compact operators and 

l<\a\<m 

If it' is another nondegenerate * -representation of C*{Bi, . . . , Bn) on a separable 
Hilbert space JC' , then n is unitarily equivalent to n' if and only if dim Q = dim 5' 
and TTi is unitarily equivalent to Tr[ . 
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Proof. Since 1 e Nj, Theorem 13.61 shows that all the compact operators 
C{Nj)) in BiMj) are contained in the C*-algebra C*{Bi, . . . , Bn). Due to standard 
theory of representations of the C* -algebras |10| . the representation vr decomposes 
into a direct sum tt = ttq © tti on IC — ICq (B K-i, where 

^0 := span{7r(X)/C : X e C{Mj)} and ICi := IC^, 

and the representations ttj : C* (Bi, . . . , Bn) — > ICj, j — 1,2, are defined by 
Trj(X) :~ Tr{X)\ICj, j = 0, 1. It is clear that ttq, tti are disjoint representations of 
C*{Bi, . . . , Bn) such that tti annihilates the compact operators in B{Afj), and ttq 
is uniquely determined by the action of tt on the ideal C{Mj) of compact opera- 
tors. Since every representation of C{Mj) is equivalent to a multiple of the identity 
representation, we deduce (|3.1ip . 

Now, we show that the space /Co coincides with the space ICq. Indeed, using 
Theorem 13.61 and its proof, one can easily see that 



^0 := spaS{7r(X)/C : X £ C{Afj)} 

= spMi{TT{BpP^'B*JIC : a,(3e ¥+} 

= spMilTT{Bp)llK- aa7r(B„)7r(B„)* /C: /3eF+ 

[ \ l<|a|<m J 

On the other hand, since P^' = / — ciaBaB^ is a projection of rank one 



in C* {Bi , . . . , Bn), we have 



l<|Q|<m 



aaTTi{Ba)TTl{Ba)* ^ IjCi, 

l<\a\<m 



and 



dimCJ = dim 



range ^(P^') 



= dim 



range [ //c - ^ aan{Ba)TT{Ba)* 

1 < I a I < m 



To prove the uniqueness, one can use standard theory of representations of 
C*-algebras. Consequently, tt and tt' are unitarily equivalent if and only if ttq and 
ttq (resp. TTi and tt'i) are unitarily equivalent. By Proposition 13. 7[ we deduce that 
dimQ = dimC/'. The proof is complete. □ 

Corollary 3.9. Assume the hypotheses and notations of Theorem \3.8[ Setting 
Vi := n{Bi), i = 1, . . . ,n, and 

%,viY):= ^o^V^YV:, reP(/C), 

1 < I a I < m 

we have: 

n 

(i) Q '■= Ijc ^ ^p.v{Ik.) is an orthogonal projection and QIC — keiV*; 

i=l 

(ii) Ko = \xeK: lim {<i>ly{lK.)x,x) = ol; 

(iii) Ki = {xeK: {•i>ly{lK.)x,x) ^\\xf for any 1,2,...}; 



78 



GELU POPESCU 



(iv) SOT- lim 



k=0 



Proof. Due to the proof of Theorem 13. 6| the operator /vj — $p,b(/) = P^' 
is an orthogonal projection. Therefore, so is Q = n{P^-'). Taking into account 
that Oq > 0, a g F+, and Oq ^ if |a| — 1, we deduce that 

QIC = {xelC: {I- x ^ x} 



= {xeK. 



= f]keTV* 



J2 ao.Vo,y> = 

l<|a|<m 



Therefore (i) holds. By Theorem 13.81 we have 



(3.12) 







A: = 1,2, 



,n, and B* = W*\Mj, 



Since Afj is co-invariant under each operator Wi, z = 1 
i = 1, . . . , n, we deduce that 

SOT- lim $^ b(/aA,J ® /e - SOT- lim [P^, wilp^H^))) (E>Ig^O. 

k — >oo k — *oo 

The latter equality holds due to the fact that {Wi, . . . ,Wn) is of class C.q with 
respect to the noncommutative domain This proves part (iv). Hence, and 
taking into account that 



k=l 



we deduce item (v). To prove (ii), let x G IC ^ K-o (B K-i, x = xq + xi, with xq G K-q 
and xi £ K-i. Using ()3.12p . we have 

(3.13) {^'^y{I,c)x,x) = {{'S?^^s{I^,)(^Ig)xo,Xo) + \\x,f, m=l,2,.... 
Consequently, lim (^"\{I/c)x, x) = if and only if xi — 0, i.e., x — xq £ 

/Co- Now item (ii) follows. It remains to prove (iii). Relation (|3.13p shows that 
($™y(/K;)a;, x) = ||a;||^ for any m = 1,2, . . ., if and only if 

{{^'^,B{lMj)®Ig)xfi,xa) = \\xaf for any m=l,2,.... 
Since (i?i,...,B„) is of class Co, we have SOT- lim ^'^b{Iu.j) = 0. Therefore, 
the above equality holds for any m = 1,2, . . ., if and only if xq — 0, which is 
equivalent toa; = a;iG/Ci. This completes the proof. □ 

Let S C i3(/C) be a set of operators acting on the Hilbert space JC. We call a 
subspace Ti cyclic for S if 

/C = spEn{Xh : X gS, heH}. 

Corollary 3.10. Let n be a nondegenerate -representation ofC*{Bi, . . . , _B„) 
on a separable Hilbert space IC, and let Vi := T:{Bi), i — 1, . . . ,n. Then the following 
statements are equivalent: 
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(i) V :~ (Vi, . . . , Vn) is a constrained weighted shift; 

(ii) /C = span{F/3(/-$p.v(/))/C : /3 € F+} ; 

(iii) SOT- lim $"^(7) = 0. 

In this case, the multiplicity of V satisfies the equality 
(3.14) mult (V) = dim[(/ - $p.y(/))/C], 

and it is also equal to the minimum dimension of a cyclic subspace for Vi, . . . ,Vr. 



Proof. It is clear that the statements above are equivalent due to Corollary 
13.91 On the other hand, relation (|3.14p follows from Theorem 13.81 Using (ii) and 
Corollary 13. 91 we deduce that the subspace 

n 

£ := f]kcTV* = (I - %y{I))IC 

i=l 

is cyclic for Vi, . . . , V„- Let 5 be a cycHc subspace for Vi, . . . , T4, i-e., IC = V ^a^, 

ae¥+ 

and denote A := Pc\£ G B{£,C), where Pc is the orthogonal projection of /C onto 
£. Assume that x G C Q T£ and let y G £. Note that 

(x, y) = {x, Pcy) {Ax, y) = 0. 

On the other hand, since V*x = for all a; e £, we have [VaX^y] = for any 
a E F+ with \a\ > 1. Therefore, y _L Va£ for a G F+. Since £ is a cyclic 
subspace for Vi, . . . , Vn, we deduce that y — 0. Therefore, AS = C. Hence, the 
operator A* G B{C,£) is one-to-one and, consequently, we have dim>C < dimf. 
This completes the proof. □ 

We can use now Corollary 13.101 and Proposition 13.71 to obtain the following 
result. 

Proposition 3.11. Two constrained weighted shifts associated to the noncom- 
mutative variety Vp^j are similar if and only if they are unitarily equivalent. 

Proof. One imphcation is clear. Let V :— {Vi, . . . ,Vn), Vi G B{IC), and 
V :— {V(, . . . , Vn), V- G B{JC'), be two constrained weighted shifts associated with 
Vp,j, and let X : /C — + /C' be an invertible operator such that 

XV^^VlX, i^l,...,n. 

If is a cyclic subspace for Vi, . . . ,Vn, then we obtain 

JC' = XK. = x{ \J Vo^M C Y XVo^M = V V;,XM C JC' . 

Hence, K,' = VQgF+ V^XM. This shows that the subspace XM is cyclic for V . 
Since X is an invertible operator, dimA^ = dimXA^. Hence, and by Corollary 
13.101 we deduce that the two constrained weighted shifts have the same multiplicity. 
Now, using Proposition 13.71 the result follows. □ 
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3.3. Dilations on noncommutative domains and varieties 

In this section, we develop a dilation theory for n-tuples of operators in the 
noncommutative domain Vf{H) or in the noncommutative variety V/ jCH) defined 

by 

V/,j(H) {(Xi, . . . , X„) e Vf{H) : q{Xi, . . . , X„) = 0, g G Vj} , 

where J is a w* -closed two-sided ideal of F^{T>f ) generated by a set of noncommu- 
tative polynomials Vj. Under natural conditions on the ideal J and the C* -algebra 
C*(i?i, . . . , Bn) associated with the variety V/,j, we have uniqueness for the mini- 
mal dilation. 

Let / := X]|a|>i ^a-'^a bc a positive regular free holomorphic function on 
and let J ^ F^{Vf) be a w*-closed two-sided ideal of F^{Vf) gen- 
erated by a family of polynomials Vj C F!^{pf). Fix an n-tuple of operators 
T := (Ti, . . . , T„) in the noncommutative variety 

V/,j(H) := {(Xi, . . . e Vf{n) : q{X^, . . . = for any qeVj}. 

Let T) and K, be Hilbert spaces and let (C/i, . . . , C/„) &T>f{IC) be such that 

daUaU^ = Ik- 

\a\>l 

An n-tuple V := {Vi, . . . , V^) of operators having the matrix representation 



(3.15) 



B,®Iv 
Ui 



1, 



where the n-tuple (Bi, . . . , i?„) is the universal model associated with the noncom- 
mutative variety V/,j, is called constrained (or J -constrained) dilation of T € V/,j 
if the following conditions hold: 

(i) {Vi,...,Vr.)&Vfj{{Uj®V)®lC); 

(ii) Ti. can be identified with a co- invariant subspace under each operator Vi, 
i = 1, . . . ,n, such that 

T^^PuViin, i = l,...,n. 

The dilation is called minimal if 

(Xz O 2?) e /C = spm {FaW : a G F+} . 

The dilation index of T, denoted by dil-ind(r), is the minimum dimension of V 
such that y is a constrained dilation of T. 

Our first dilation result on noncommutative varieties V/,7 CDf is the following. 

Theorem 3.12. Let f be a positive regular free holomorphic function on BiTi)"" 
and let J 7^ F^{Vf) be a w* -closed two-sided ideal of F^{'Df) generated by a 
family of polynomials Vj C F^iVf). IfT := (Ti, . . . , T„) is an n-tuple of operators 
in the noncommutative variety Vf.,j{H), then there exists a Hilbert space K, and and 
n-tuple {Ui . . . , Un) S V/,j(/C) with 

^ aaUaU^ = Ijc 

\a\>l 

and such that 
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(i) Ti, can he identified with a co-invariant subspace of IC :— {Af j ® f ^t'H)®1C 
under the operators 







( 

where Af^r ■= { In ~ o^aT^T* ; 

V l"l>i / 
(ii) T* ^V*\n,i^l,...,n. 

Moreover, IC = {0} if and only if (Ti, . . . , r„) is of class C.q with respect to 'Df{'H). 

Proof. Define the subspace M. C F^(i/„) be setting 

M ■.= W^{W^q{Wu---,W^)Wp{\) : qeVj,a,P^¥+]. 

We prove that M — Mj. Since M <^ Mj,\t remains to prove that Mj M. To 
this end, it is enough to show that C M.jj . Let g g F^{Hn) be such that 

{g, WMWi, . . . , Wn)Wpil)) = for any p e Vj, a, /3 e F+. 

Due to CoroUarv 11.131 , for any (p{Wi, . . . ,Wn) G F^{'Df), there is a sequence 
of polynomials such that i^iWi, Wn) = SOT - lim„_,oo{gm(Vri, . . . , Wn)}^=i. 
Hence, 

(g, ifiWl,. . . , Wn)qiWl,. . . , Wn)Wf3il)) = 

for any Lp{Wi, Wn) £ F^{Vf), q e Vj, and a, /3 € F+. Consequently, g S Mj 
and, therefore, A4j — M. 

As in the proof of Theorem 11.151 using the properties of the Poisson kernel 
Kf,T, we obtain 

{Kf^TX,Wa.q{Wi,...,Wn)W„il)®y) = (x,T„g(Ti,...,r„)T^A/,T2;) =0 



for any x £H, y £ A/,tH, and q ^Vj. Since Mj — M, we deduce that 



(3.16) rangeii:/,T C TVj «> A/^tH. 



The constrained Poisson kernel Kf^T.j ■ Ti. Nj ® A/^tH is defined by 

Kf,T,j ■■= {Pk, ® Ia7^)K f,T, 

where i^/.r is the Poisson kernel associated with T e I?/(7i) (see Section [TT2]) . Due 
to relation p.l6p and (|1.23p . we obtain 

(3.17) Kf,T,jT: = (S; ® In)K},T,j, a e F+. 

We introduce the operators Q SOT- lim <^^j,[I) and 



Y ■.n^]C:= Q^/m defined by Yh := Q^'^h, h e H. 
For each i = 1, . . . ,n, define the operator Li : Q^/^Ti. /C by setting 
(3.18) LiYh := YT*h, heH. 
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Note that Li, i — 1, . . . ,n, are well-defined due to the fact that 

\\L,Yhf = (T,QT*h,h) 

= — {agT,QT*h,h) < — {^f^T{Q)h,h) 
= ^||gi/2/,||2^±||y/,||2. 

We recall that, since / is positive regular free holomorphic function, Og. =/= for 
any i = 1, . . . ,ri. Consequently, Li can be extended to a bounded operator on /C, 
which will also be denoted by Li. Now, setting Ui :— L*, i — 1, . . . ,n, relation 
(P?T5)) implies 

(3.19) Y*U,^TiY*, i = l,...,n. 

Due to relation ()3.19|) . we have 



\|a|>l / |a|>l 

= ^f,TiYY*) = $/,t(Q) = Q = YY*. 



Hence, 



{^f,uilK)Yh,Yh) ^ (Yh^Yh) , hen 

which implies ^f.u{I>c) — Ik- Now, using relation p.l9p . we obtain 

Y*q{Uu . . . , f/«) = q{Ti, . . .,T^)Y* =0, g G Vj. 

Since Y* is injective on /C = YTi, we have q{Ui, . . . , Un) — for any q £ Vj. Let 
V :n^[Afj(g)n](SlChe defined by 



V := 



K 



f,T,J 

Y 



Notice that V is an isometry. Indeed, we have 

\\Vhf = \\Kf,T,.ihf + \\Yhf 

= ||/i|p-SOT- lim {<S>';-j.(I)h,h) + \\Yh\\' 

= \\hf~{Qh,h) + {Qh,h) 

= \\hf 

for any h £ Ti,. Now, using relations p.l7p and p.lSp . we obtain 



VT* = 



Kf.T.J 

Y 



T*h = Kf^T,jT*h(BYT*h 

{B* (g>In)Kf^T,jh®U*Yh 
B* ® I^r-^ 



u* 



Vh. 



Identifying H with VH we complete the proof of (i) and (ii). The last part of the 
theorem is obvious. □ 
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Example 3.13. (i) When f is a positive regular noncommutative poly- 

nomial and the two-sided ideal J is generated by the polynomials 



hi = 1, ■ 



we obtain the dilation theorem of Pott 

ill) When f — Xi + • • • + Xn and Vj ~ Q we obtain a version of the noncom- 
mutative dilation theorem for row contractions (see |67j ). 

(ii) In the particular case when n — \, f — X, and Vj — 0, we obtain the 
classical isometric dilation theorem for contractions obtained by Sz.-Nagy 
{see [95], [96). 



We can evaluate the dilation index of an n-tuple of operators in the noncom- 
mutative variety V/,j and show that it does not depend on the constraints. 

Corollary 3.14. Let J ^ F^{Vf) be a w* -closed two-sided ideal of F^{Vf) 
generated by a family of polynomials Vj C F^{T>f) and let T := {Ti, . . . ,Tn) G 
V/,j(7i). Then the dilation index of T is equal to rankA/^y. 

Proof. Let (C/i, ...,[/„) e Vf{n) be such that 

|a|>l 

and assume that the n-tuple V :~ (Vi, . . . , Vn) given by 



(3.20) 



Bi®Iv 








1, 



is a constrained dilation of T . Since the subspace Ti. is co-invariant under each 
operator Vi, i = 1, . . . , n, and A/j is co-invariant under the weighted left creation 
operators Wi, i = 1, . . . ,n, associated with the noncommutative domain T>f^ we 
have 



|a|>l 



\ I"I>1 / 





/x) 




Hence, and taking into account that /— ^ aaWaW* — Pc is an operator of rank 

|a|>l 

one, we have 

rank A/,T < rank [PaTjPcIMj ® Iv] < dim P. 
Due to Theorem 13.121 we deduce that the dilation index of T coincides with 
rankA/^T- The proof is complete. □ 

Let C*{y) be the C*-algebra generated by a set of operators y C B{JC) and 
the identity. A subspace C /C is called ^-cyclic for y if 

/C = span{X/i: XeC*{y), h e H} . 

Theorem 3.15. Let p — E ciaXa be a positive regular noncommutative 

l<\a\<m 

polynomial and let J ^ F^(T>p) be a w* -closed two-sided ideal of F^{T>p) generated 
by a family Vj of homogenous polynomials. Let Ti. be a separable Hilbert space, and 
T :— (Ti, . . . , Tn) be an n-tuple of operators in the noncommutative variety Vp^jiTi). 
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Then there exists a * -representation tt : C*{Bi, . . . , Bn) B{1Ctt) on a separable 
Hilbert space K.^, which annihilates the compact operators and 

aaTriBa)TT{Ba)* = Ik.^, 

l<\a\<m 

such that 

(i) Ti. can be identified with a ^-cyclic co-invariant subspace of K. :~ (Afj ® 



^p.t'H) © /Ctt under each operator 



V, := 



n{B,) 



i = l,. 

1/2 



where \ Ih - ^aTaT* 

\ l<|a|<m ^ 

(ii) T*^V*\n, i^l,...,n. 



Proof. According to Theorem II .161, there is a unique unital completely con- 
tractive linear map 

*p,T,j : span{B„B^ : a,(3e¥+}^ B{n) 

such that p T,j{BaBJj) — T^T'^, a,l3 ^ F+. Applying Arveson extension theorem 
[9] to the map ^'p.r.j, we find a unital completely positive linear map 4'p,T,j ■ 
C*(Bi,...,B„) B{H). Let n : C* (Bi, . . . , B„) B{IC) be a minimal Stine- 
spring dilation [94j of ^p_T_j. Then 

■i'p,Tj{X)^PnHX)\n, X eC*{Bi,...,B„), 
and /C = span{7r(X)/i : h G Ti.}. Since , for each i = 1, . . . , 7i, 
*P,T,j(S,B*) = T^T* = Pnn{B,MB*)\n 

= PnHB,){Pn + Pn^)n{B*)\n 
= ^p,TAB^B*) + {Pnm.)\n-){Pn-HB*)\n), 
we deduce that P-H7r(i?i)|-^j_ — and 

*P,T,j(S„X) = Pn{^{B^)^{X))\n 

(3.21) = {Pn^{B^)\H){PH^{X)\n) 

= -^p^TjiBcd-^p^TjiX) 

for any X G C*{Bi, . . . , Bn) and a E F+. Since P-H7r(i?i)|-H-L = 0, is an invariant 
subspace under each n{Bi)* , i — I, . . . ,n. Consequently, we have 

(3.22) w{B,y\n^-^p^T.j{B*)^T:, z = 

On the other hand, since 1 E J\fj, Theorem 13.61 implies that all the compact 
operators in B{J\fj) are contained in the C*-algebra C*{Bi, . . . , Bn)- By Theorem 
13. 8i the representation tt decomposes into a direct sum tt = ttq ® tt on /C = /Co ® /C^, 
where ttq, tt are disjoint representations of C*(i?i, . . . , Bn) on the Hilbert spaces 
/Co and /Cjr, respectively, such that 

(3.23) /Co-AAj®^, T:o{X)^X(^Ig, X e C* (Bi, . . . , Bn), 



OPERATOR THEORY ON NONCOMMUTATIVE DOMAINS 



85 



for some Hilbert space Q, and vr is a representation such that ■n{C{N.j)) = 0. Now, 
taking into account that P^'' ~ I — ^ QaBaB^ is a projection of rank one in 

|a|>l 

C*{Bi, . . . ,Bn), we have that 

^2 aa''r{Ba)n{B^) — I/c^ and dim = dim(range7r(P^')). 
I"l>i 

Since the Stinespring representation tt is minimal and using the proof of Theorem 
13. 6[ we deduce that 

range^(P^') = span{^(P^')7^(^)/i : X e C* {Bi, . . . , B,,), h e H} 
= spaii{^{P^')^{Y)h : Y e C{Mj), h e H} 
= spSn{^iPc '')T'iBaPc 'B*fi)h ; a, /3 G F+, /i e 
= span{^(P^0*(5fl)/j : f3e¥+,he H}. 



Now, due to relation (|3.2ip . we have 



(^^P^nHB*Jh,HP^nHB;)k) = ^h,7r{B^)n{P^-')<B},)h 



h,Ta I /) 



|7|>1 



= (Ap,TT:/i,Ap,TT;fc) 

for any h,k ^ Ti. Consequently, there is a unitary operator A : range 7r(P^') 
Ap^rTi- defined by 

AmP^-')n{B:)h) Ap^rT^h, heKae¥+. 

This shows that 

dim[range7r(P^'')] = dim Ap^Ti = dimCJ. 



The required dilation is obtained using relations p.22p and (|3.23p . and identifying 
Q with Ap.TH- The proof is complete. □ 

Corollary 3.16. Let V := {Vi,. . . , Vn) be the dilation of Theorem V3.15\ Then, 

(i) V is a constrained weighted shift if and only ifT= (Ti, . . . ,T„) S Vp.j(7i) 
is of class Co with respect to Vp; 

(ii) 'Ei<M<^a-aVaV* = I if and only if EKlaKm^a^a^a = ^ 



1<|q|< 

Proof. Since 











in 



soT-a>^,j,(/„)-p^ 



\n. 



we have 

"0 

Consequently, T is of class Co with respect to Dp if and only if PhPk.„ \H = 0. The 
latter condition is equivalent to _L (00 /Crr), which implies H C Afj (S) Ap^x'H. On 
the other hand, since Nj ® Ap^x'H is reducing for Vi, . . . ,Vn, and IC is the smallest 
reducing subspace for Vi, . . . , Vn, which contains Ti, we must have JC = Nj^Ap^r'H. 
Therefore, (i) holds. 
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Assume now that J2 o^aVaV* — I^. Since 

|q|>1 



Ik, 

we must have $p ^(-^aAj) ® /^^ ^-^ = Ikq for any fc = 1, 2, . . .. On the other hand, 
since SOT- hm ^(^^(/Vj) ~ 0, we deduce that /Co = {0}- Now, the proof of 
Theorem 13.151 imphes Q — {0}. Therefore, Ap t = and the proof is complete. □ 

The dilation is unique up to a unitary equivalence, under additional hypotheses 
on the C*-algebra C*(Bi, . . . , S„). 

Corollary 3.17. Assume the hypotheses of Theorem \3.15\ and that 
(3.24) span{B„B^: a, /3 G F+} = C'*(Bi, . . . , 

Then the dilation of Theorem \3.15\ is minimal, i.e., K, — \J VaTi, and it is unique 

up to a unitary equivalence. 

Proof. If condition (|3.24p holds, then the map 4* /,t, j in the proof of Theorem 
13.151 is unique. The uniqueness of the minimal Stinespring representation 



implies the uniqueness of the minimal dilation of Theorem 13.121 □ 



Using Theorem 13.41 and standard arguments concerning representation theory 
of C*-algebras [TcT, one can deduce the following result. 

Remark 3.18. In addition to the hypotheses of Corollary \3.17\ let T' := 
(r{, . . . , T/j) e Vp^j{H') and let V :— {V{, . . . , V^) be the corresponding constrained 
dilation. Then the n-tuples T and T' are unitarily equivalent if and only if 



dimApTTi. = dim Ap^T'W' 



and there are unitary operators U : Ap j^Ti — > Ap j^/Ti' and T : JC-^ JC^^i such that 
T'K{Bi) — Tr'(Bi)T for i — I, . . . ,n, and 



r 



Let J be a two-sided ideal of the Hardy algebra F^{T>f generated by a set Vj 
of polynomials and consider the noncommutative variety Vfj. For any n-tuple of 
operators T := (Ti, . . . , T„) G Vfili.), let Qj be the largest subspace of Ti. which is 
invariant under each operator T^*, i = 1, . . . , n, such that 

{Pg,Ti\gj,...,Pg,T,,\g,j)^Vf,j. 

We call the n-tuple 

{Pg,T^\gj,...,Pg,Tr,\gj) 

the maximal piece of (Ti, . . . , T„) in the noncommutative variety V/,j. It is easy to 
see that 

g.j = span {r„g(Ti, . . . , T^)n : q G Vj, ae¥+}^. 
If T := (Ti, . . . , Tn) (z VfiTi.) is c.n.c, then the definition above makes sense when 
J is any w* -closed two-sided ideal of F^{T>f). 

Using Theorem 11.191 and its proof, one can easily deduce the following result. 
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Proposition 3.19. Let J ^ F^CDf) be an arbitrary w* -closed two-sided ideal 
of F^{'Df) and let Wi, . . . ,Wn be the weighted left creation operators associated 
with the noncommutative domain Vf. Then the universal model {Bi, . . . ,Bn), as- 
sociated with V/,j, is the maximal piece of {Wi, . . . , Wn) in the noncommutative 
variety Vf^j. 

Now, we turn our attention to the particular case when T :— (Ti, . . . ,T„) e 
'Df{Ti) is of class C.q with respect to I?/(7i). In this case, the results of this section 
can be extended to a larger class of noncommutative varieties. 

Theorem 3.20. Let f be a positive regular free holomorphic function on B{Ti.)"' 
and let J ^ F!^{Vf) be a w* -closed two-sided ideal of F!^{T>f). Lf (Ti, . . . ,T„) G 
V/,j(7i) is of class Co, then the following statements hold: 

(i) The constrained Poisson kernel KfT,j '■ H ^ A/j (E) A/^^Ti defined by 
setting 

Kf^TJ ■■= {Pj^j ® I)Kf,T 

is an isometry, Kf^T,.j'K- is co-invariant under each operator Bi ® L-^ 
i = 1, . . . , 71, and 



(3.25) 



T,^K}^j,j{B,®L- 



)K 



f.T.J, 



1, 



(ii) The dilation index of T coincides with rank A f^T ■ 

(iii) Ifl€ J\fj, then the J -constrained dilation {Bi®l2 
provided by (j3.25p . is minimal. 

If, in addition, f — p is a polynomial, 1 G Afj, and 



,Bn®Ij, 



(3.26) 



span{B„m: a, /3 e F+} = C* (Bi, . . . , S„), 



then the following statements hold: 

(iv) The minimal J-constrained dilation {Bi 
unique up to an isomorphism. 

(v) The minimal J-constrained dilation {Bi 



, Bn 



, Bn 



l) is 
) is 



the maximal piece of the dilation of T (provided by Theorem \3.15\ when 



J:={0}j, I.e., {Wi®I-^ 
variety Vp^j. 



), in the noncommutative 



Proof. Part (i) was proved in Section [T751 To prove (ii), let I? be a Hilbert 
space such that Ti can be identified with a co-invariant subspace of Afj (8) T) under 
each operator Bi (g) /u, i = 1, . . . ,n, and such that Ti = P-}i{Bi ® Iv)\Tl for 
i = 1, . . . , n. Then, using relation (|1.9p . we have 



|a|>l 



I^^., - ^ aaBaB^ (g) Iz 



\a\>l 



p 



n 



\a\>l 



\n 



Pn-'®'^ [Pm.,PcWj®Iv] \n. 



Hence, rankA/^x < dim!?. Now, part (i) implies that the dilation index of T is 
equal to rankA/^T- 
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To prove (iii), assume that 1 e TVj. Due to relation ()1.7|) . Cq — \/b^Wa{l) 
and therefore P^' Pj^jCa = for any a e F+, |a| > 1. On the other hand, the 
definition of the constrained Poisson kernel KfT.j implies 

rn 

PoKf,T,jh^ lim y y P^''Pj^^ec,®^f^TKh, heH, 

fc=0 \a\=k 

where Po := P^'' ^ Ia-PR- Therefore, PoKj^T^n = AjyR. Using now Theorem 
13.41 in the particular case when A4 :— KjTTi- and T) := Af ^Ti-, we deduce that the 
subspace Kf^T.j'H is cyclic for Bi® Ij), i = 1, . . . ,n, which proves the minimality 
of the J-dilation provided by (|3.25|) . i.e., 

(3.27) Nj = y [B^® I^j^)Kj^T-H. 

To prove the last part of the theorem, assume that 1 G TVj, / = p is a polyno- 
mial, and relation p.26p holds. Consider another minimal J-constrained dilation 
of T, i.e., 

(3.28) T,^V*{B,®Iv)V,i^l,...,n, 

where V : Ti ^ Mj 2? is an isometry, VTi. is co-invariant under each operator 
Bi® Iv, i = 1, . . . , n, and 

(3.29) Nj®V= \J {B,, (g) Iv)Vn. 

ctGF+ 

Due to (I3.25p . there exists a unital completely positive linear map 

* : span{B„B;^ : a, /3 G F+} ^ B{n) 

such that '^{BaB*p) — T^T^, a,(3 € F+. Moreover, has a unique extension to 
C*{Bi, . . . ,Bn). Consider the *-representations 

TTi :C7*(Bi,...,B„)->B(AA7®A;^), TTi{X) := X ® I^^, and 

712 : C*(Bi, . . . , S„) ^ BiMj ® V), 712 (X) := ^ ® /p. 

Due to relations p.25p . p.28p . (|3.26p . and the co-invariance of the subspaces 
Kp.T.jTi- and VTi. under Bi® Id, i = 1, . . . , n, we have 

■^{X) ^ K; .r^jTr^{X)Kp^T,.j ^V*n2{X)V for X € C*(Bi, . . . , B„). 

Now, due to the minimality conditions (|3.27p and (|3.29p . and relation p.26p . we 
deduce that tti and 7r2 are minimal Stinespring dilations of ^E*. Since they are 
unique, there exists a unitary operator U : Nj ® AtH ~* Afj ® V such that 

(3.30) U{B, ® /s^) = (B, ® Iv)U, i^l,...,n, 
and UKp^T,j — V. Since U is unitary, we also have 

U{B*®I^^) = iB*®Iv)U, i = l,...,n. 

On the other hand, since C*{Bi, . . . ,i?„) is irreducible (see Theorem 13. 6p . we must 
have U — I_\fj ® Z, where Z S B{Ap^T'H,'D) is a unitary operator. Therefore, 
dim Ap^T^ = dimP and UKf^r.j'H = VH, which proves that the two dilations are 
unitarily equivalent. 
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In the particular case when J = {0}, item (iv) shows that 

is a reahzation of the minimal dilation of (Ti, . . . ,Tn) G VpiTi.). Using Proposition 
I3.19[ one can easily see that the maximal piece of W in the noncommutative variety 
Vp.j coincides with {Bi (g) p^, . . . , Bn ® I~a~Ph)' which proves (v). The proof 
is complete. □ 

Proposition 3.21. Let p be a positive regular polynomial and let J be a w* - 
closed ideal of {T>p) such that 1 g Mj and condition (|3.26|1 holds. A pure n-tuple 
of operators T € Vp.,/(7i) has rank Ap.^ = m, m = 1, 2, . . . , oo, if and only if it is 
unitarily equivalent to one obtained by compressing [Bi (g) /c™ , . . . , Bn ® /c™ ) to a 
co-invariant subspace M C A/j (g C" under each operator Bi (g) Ic^, i — 1, . . . ,n, 
with the property that dimPoA^ = ™; where Pq is the orthogonal projection of 
Afj (g C" onto the subspace 1 (g C™ . 



Proof. The implication " =^ " follows from item (i) of Theorem 13.201 Con- 
versely, assume that 

= P-h{B, ^ Io^)\n, i^l,...,n, 

where H C Afj <g C™ is a co-invariant subspace under each operator Bi g) /c™ , * = 
1, . . . , 71, such that dimPo^ = First, notice that T := (Ti, . . . , Tn) £ Vp,j{'H) is 
of class C.Q. Consider the case when m < oo. Since PqH, C C™ and dimPo^ = m, 
we deduce that PoH = C™. Since 1 G Afj, the latter condition is equivalent to 

(3.31) n^nc ^{0}. 

Since /Vj — J2 o.aBaB^ — P^'' , we deduce that 

|a|>l 



rankAp.T = rankP^ 



\a\>l J 

= r&nkPnPoln = dimP-HPoT^ 
= dimP^C™. 

If we assume that rank Ap^T < m, then there exists h G C", h 0, with Puh = 0. 
This contradicts relation (|3.3ip . Consequently, we must have rank Ap^T = rn. 

Now, we consider the case when m = oo. According to Theorem 13.41 and its 
proof, we have 

y {Bc,(E)Io^)H=Afj(E)£, 

where £ :— PoH. Since Nj g) £ is reducing for Bi g) , i = 1, . . . , n, we deduce 
that 

T,^Pn{B,®l£)\n, z = l,...,n. 

Due to the uniqueness of the minimal J-constrained dilation of T (see part (iv) of 
Theorem 13. 20p . we deduce that 



dimAp^rH — dim£ = oo. 
This completes the proof. □ 
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We can characterize now the pure n-tuples of operators in the noncommutative 
variety Vp^j, having rank one, i.e., rank Ap^T = 1- 

Corollary 3.22. Let J be a w* -closed two-sided ideal oj F!^(T>p) such that 
1 G Mj and condition (j3.26p is satisfied. 

(i) If M <Z Mj is a co-invariant subspace under Bi, i ~ \, . . . ^n, then 

T:- (ri,...,r„), T,:^PmB^\M, i = l,...,n, 

is a pure n-tuple of operators in Vp,j{A4) such that rank Ap.^ = 1- 

(ii) If M' is another co-invariant subspace under Bi, i — 1, . . . , rt, which gives 
rise to an n-tuple T' , then T and T' are unitarily equivalent if and only 
ifM^M'. 

(iii) Every pure n-tuple T £ Vp,j with rankAp,^ ~ 1 is unitarily equivalent 
to one obtained by compressing (_Bi, . . . , i?„) to a co-invariant subspace 
under Bi, i = 1, . . . , n. 

Proof. Since A4 C J\fj is a co-invariant subspace under each operator Bi, 
i = 1, . . . ,n, we can use the F^(I?/)-functional calculus and deduce that 

(p(Ti, . . . , r„) = Pmv{Bi, Bn)\M = 0, >fieJ. 

This shows that (Ti, . . . ,T„) S Vpj{M). On the other hand, we have 

Im - Yl ^o^To^T* = Pm Im., ~ Y °"^B^K \M 

|a|>l \ |a|>l / 

^PMPt\M. 

Hence, rankAp ^ < 1- Since 

^iril) - PM<^iB{lM.,)\M, fc = 1, 2, . . . , 

and {Bi, . . . , Bn) is a pure n-tuple in Vp,j{Nj), we deduce that (Ti, . . . , r„) e 
Vp,j(A^) is pure. This also implies that Ap_T 7^ 0, so rank Ap^x > 1- Consequently, 
we have rank Ap ^ — 1- 

To prove (ii), notice that, as in the proof of Proposition 13.211 one can show 
that T and T' are unitarily equivalent if and only if there exists a unitary operator 
A : Afj ^ Afj such that 

AS,: = BiA, for i = 1, . . . , n, and AM = M' . 

Hence AB* — B*A, i — 1, . . . ,n. Since C*{Bi, . . . , Bn) is irreducible (see Theorem 
13. 6p A must be a scalar multiple of the identity. Hence, we have A4 = AAi = A4' . 

Part (iii) of this corollary follows from Thcorem l3.151 Corollarv l3.161 and Corol- 
lary Ell □ 
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3.4. Characteristic functions and model theory 

Given a positive regular free holomorpiiic function / on and an n- 

tuple of operators T := (Ti,...,T„) in the noncommutative domain VfCH), we 
associate a characteristic function Qf.Ti which is a multi-analytic operator with 
respect to the universal model {Wi, . . . , Wn) oiVf. We prove that the characteristic 
function is a complete unitary invariant and obtain a functional model for the class 
of completely non-coisomctric elements of 'DfiTL). Similar results are obtained for 
constrained characteristic functions 6/,t,j associated with the noncommutative 
varieties V/,j C ©/. In particular, the commutative case is discussed. 

Let / = X^|jj|>i ciaXa a positive regular free holomorphic function on B{'H)"'. 
Given the noncommutative domain 



Vf{H) := { (Xi,...,X„) eB(W)" : 



|a|>l 



< 1 



define T := {a e F+ : a,, ^ 0} and N := cardT. If T := (Ti, . . . ,T„) e Vf{H), 
we define the row operator C{T) := [ G r], where the entries are 

arranged in the lexicographic order of F c F+. Note that C(T) is an operator 
acting from Ti*^^^ (the direct sum of N copies of H) to H. Let {Wi, . . . , Wn) (resp. 
(Ai, . . . , A„) ) be the weighted left (resp. right) creation operators associated with 
the noncommutative domain Vf. 

We define the characteristic function of T to be the multi-analytic operator 
(with respect to the operators Wi, . . . , Wn) 

Qf^T{P^^,...,K) ■■ F^{Hr,)®Vc(T)' ^ F^{Hn)®Vc(T) 

with the formal Fourier representation 

\ l"l>i 

where the defect operators associated with the row contraction C{T) are 
Ac(T) := {In - C{T)C{T)*)'^^ e B{H) and 
Ac(T). := (/ - C(T)*C(r))i/2 e B(7^W), 



while the defect spaces are I?c(t) '■= ^c(t)'H and Vc{t)* '■= ^c(t)*'H^'^^ ■ 

The following factorization result will play an important role in our investiga- 
tion. 

Theorem 3.23. IfT (Ti, . . . ,T„) G r»/(7i), then the characteristic function 
Qf,T associated with T is a well- defined contractive multi- analytic operator with 
respect to the weighted left creation operators associated with the noncommutative 
domain Vf. Moreover, 

(3.32) I - ef,TQ},T = Kf,TK*f,T, 

where Kf^T is the corresponding Poisson kernel associated with T and VfCH). 
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Proof. Consider the following operators: 

C(A) [V^Aa ^I-H- aeV], 



C(A)„ 

and define 



flarl^lAa (g) /-H : a e r 



< r < 1, 



A C(r) , B A^^-, C := A^^, D := -C(r), and Z := C{K)^, < r < 1. 
Since C{T) is a contraction, the operator matrix 

A B\ IciT) A^j. 



C D 



is unitary. Therefore, 

(3.33) AA* + BE* = I, CC* + DD* = I, and AC* + ED* = 0. 

According to Section [TTTl we have / — ^ asA^A* = Pc, which implies \\Z\\ = 

l"l>i 

\\C{A)J < r < 1 for < r < 1. Since (Ti, . . . ,T„) e X>/(H), we have < 1 and 
consequently \\ZA\\ < 1. 
Therefore, the operator 

$(Z) -.^ D + C{I - ZA)-^ZE 
is well-defined and, using relation p.33p . we have 

/ - $(Z)$(Z)* = / - DD* - C{I - ZA)-^ZED* - DE*Z*{I - A*Z*)-^C* 

- C{I - ZA)-^ZEE*Z*{I - A*Z*)-^C* 

= CC* + C{I - ZA)-^ZAC* + CA*Z*{I - A*Z*)-^C* 

- C{I - ZA)-^ZZ*{I - A*Z*)-^C* 

+ C{I - ZA)-^ ZAA* Z* {I - A* Z*)-'^C* 
= C{I - ZA)-^ [{I - ZA){I - A*Z*) + ZA{I - A*Z*) 

+ (/ - ZA)A*Z* - ZZ* + ZAA*Z*] [I - A*Z*)-^C* 
= C{I - ZA)-\I - ZZ*){I - A*Z*)-^C*. 

Hence, 

(3.34) / - <^{Z)<^{Z)* = C{I - ZA)-\I - ZZ*){I - A*Z*)-^C*. 

Therefore, according to our notations and the definition of 8/,t(?'Ai, . . . ,rA„), the 
defect operator 

lF^(H„)®n - Qi\T{rki, rAn)<df,T{rAi, rA„)* 
is equal to the product 

A^^ [Ifhh„)^h - C{A),C(T)*y' {lFHH^)^n - C{A)rC{Ai 
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which is a positive operator for any r e (0, 1). Consequently, we have 



sup ||e/.T(rAi,...,rA„)|| < 1. 

0<r<l 



An operator- valued extension of Theorem 12.31 shows that Q f^x is a multi-analytic 
operator with respect to the weighted left creation operators associated with the 
domain Vf, i.e., in the operator space [V f)®BiVc(T)'- ,'Dc(t))^ and the char- 
acteristic function 8/^t(Ai, . . . , A„) is equal to 



SOT- lim 



-CiT) + {iF^iH^y^n - C(A),C(r)*) C(A),A^^. 



Now, the above calculations and relations (|2.15p and (|2.18p of Section 12.41 reveal 
that 



lF^{H„)®VciT) ~ 0/,t(?'Ai, . . . ,rA„)e/,T(?'Ai, . . . ,rA„)* 



\a\>l 

l"l>i / 



'-F^(H^)®H 



|a|>l 



|a|>l 



In 



Now, we recall from Section 11.11 that 



A^ec 



F^e^ if a = 7/3 
otherwise 



fc^"^ " " ~ and PcAlec, - ^ ^/^' 



if a ^ /3 
otherwise 



Hence, and using again that / — ^ CqAqA* — Pf^^we deduce that 

|a|>l 
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lim (^[If'^{h„)®Vc^t) ~ 0/,t(?-Ai, . . . , rA„)e/,T(»-Ai, . . . ,rA„)*](e„ ® h),e^ ® 

''^ i<^r+ 3er+ \ \ |a|>l / 



\i\<\^\ I3I<I 



7l<l"l I3I<I° 

/3|<|q 

= ^ b^\/b^—^{e^,e^){Af^TT~TaAf^Th,k) 



I5l<|c 



'6^ 



= Vb^VK {Af^rT^T^Af^rKk) 

for every a,w £ F+, ft, e T^c{t)'i k G Vfjir)- An operator-valued version of 
Theorem II .121 shows that 

SOT- Urn e/,T(rAi, . . . ,rA„)* = e/,T(Ai, . . . , A„)*. 
Therefore, taking into account the above computations, we deduce that 



([^F2(ff„)«,x)c(T) - 0/,t(Ai, . . . , A„)e/,T(Ai, . . . , A„)*](ec /i),e^ fc^ 
= \/b^\/b^ {Af^TT*TaAf^Th,k) 

for every a, w e F+, h,k&'Dc(T)- 

On the other hand, using the definition of the Poisson kernel associated with 
(Ti, . . . , T„) e Vf{n), we deduce that K} ,j,{ea (E) h) = y/b^TaAf^r for any a S F+, 
and 

{K f^TK}j.{e^ ® h),e^ ® k) = (^K f^r {^Vb^TaAf^rh^ ,e^0fc^ 

\/3gF+ / 

= y6;;;v/&^(A/,Tr:r„A/,T/i,A:) 

for any h,k ^ Vt and a,a; G F+. Taking into account the above relations, we 
deduce that 

^F^H„)(g,Vc(T) ~ 0/,t(Ai, . . . , A„)e/,T(Ai, . . . , A„)* = Kf^rK'f j,, 
which completes the proof. □ 
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We recall from Section 12.41 that the joint spectral radius of an n-tuple of op- 
erators X (^1, ■ • ■ ^Xn) e I?/(7i), with respect to the noncommutative domain 
P/, is defined by 

r;(Xi,...,X„) hm \\^lAl)f^\ 

k^oo 

where ^f.x(Y) := J2 a^XaYX^ for any Y e B{n). We also recall that if 

|q|>1 

/ = Ei a\>i ^aXa IS a positive regular free holoniorphic fimction on 5(7^)", then 

so is / := J2\a\>l "-aXa- 

Corollary 3.24. Let T ■= (Ti, . . . ,r„) e VfiH) and let 9/_t be its charac- 
teristic function. If X := (Xi,...,Xn) € 'D^(IC) is an n-tuple of operators with 
joint spectral radius rj(Xi, . . . , X„) < 1, then 

Ik0Vc(t) ~ ^f^ri^i, . . . , Xn)&f,TiXi, . . . , Xn)* 

-1 



(/^^« - C{X)C{T)*) (^Iic^n - C{X)C{X)*) 
(Ik<»h-C{T)C{X))' 



-1 

^C(T)' 



where C{X) :~ [-.JaEXa®I-H : a £ F] (see the notations from the proof of Theorem 
\3M). 

Proof. As in Section we deduce that 

^ aa,Xo,®Tl <r;(Xi,...,X„)r/(Ti,...,r„). 

0"l>i / 

Since (ri,...,r„) e 'Df{n), we have r/(Ti, . . . , r„) < 1. The above inequal- 
ity shows that the spectral radius r (^X]|q|>i ^a^a ®T£j < 1 and the operator 

{Jk®h ~ S|a|>i '^aXa ® T^j is bouudcd. Now, replacing Z by C{X) in relation 
(|3.34p (see the proof of Theorem 13. 23p . we obtain the required factorization. □ 

We introduce now the constrained characteristic function associated with n- 
tuples of operators in the noncommutative variety V/,j C I?/. 

Let J be a ?i'*-closed two-sided ideal of the Hardy algebra algebra F^iVf). As 
in our previous sections, define the subspaces of i^^(iJ„), 



Mj JF2(i7„) and Nj := F^{H,,) Q Mj, 

and the constrained weighted left (resp. right) creation operators associated with Vf 
and J by setting 

B, PmjW,\Uj and PMjA^\Uj, i^l,...,n. 

Now, we assume that the ideal J is generated by a family Vj of polynomials in 
Wi, . . . , Wn and the identity. An n-tuple of operators T :— (Ti, . . . , r„) S Vfili.) 
is called J-constrained if it belongs to the noncommutative variety V/ j(7i) defined 

by 

V/.j(H) :={(Xi,...,X„) eP/(7^) : g(Xi,...,X„) =0 iorqeVj}. 
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We define the constrained characteristic function associated with T G Vf\j{Ti.) to 
be the muhi- analytic operator (with respect to the constrained shifts Bi, . . . , Bn) 

defined by the formal Fourier representation 
-IMj ® C{T) + {Ixj d) Ac(T)) [iXj^n - J2 ^ ^*s) 

|q|>1 

[^/a^Ca ®In- aeV] [l^fj (g) Ac{t)') , 

where C.j :— P^/^J ^i\^fJ , i = 1, . . . , n. Taking into account that Mj is an invariant 
subspace under AJ, . . . , A* , we can see that 



e/,T(Ai,...,A„)*(AAj(g)X>c(T)) C AO^jPcm- and 
^V,,»X'c(t,%,t(Ai, . . . , A„)|AA7 ® I?C(T). = e/,T,j(Ci, . . . , C„), 

where Q /,t is the characteristic function of T as an element of the noncommutative 
domain Vf{H). Since Q/.t S {V f)®B{Vc(T)' iT^c(t)), it is easy to see that 
Qf,T,j G R^{Vf,j)m{VciTY,VciT))- 

Let us remark that the above definition of the constrained characteristic func- 
tion makes sense (and has the same properties) when J is an arbitrary i(;*-closed 
two-sided ideal of F^{'Df) and T := (Ti, . . . ,T„) is an arbitrary c.n.c. n-tuple of 
operators in Vfj{H). 

Theorem 3.25. Let J ^ F^{Vf) he a w* -closed two-sided ideal of F^{Vf) 
generated by a family of polynomials Vj C F^(T>f). If T := (Ti, . . . , r„) is in the 
noncommutative variety Vfj{H), then 

where Qf\T,j is the constrained characteristic function of T £ V/^j(7i) and Kf_T,j 
is the corresponding constrained Poisson kernel. 

Moreover, the factorization above holds when J is an arbitrary w* -closed two- 
sided ideal of F^(Vf) and T :— (Ti,...,r„) g V/,t('W) is a c.n.c. n-tuple of 
operators. 

Proof. The constrained Poisson kernel associated with T E Vf,j{'H) is the 
operator Kj^t,./ '■ — > J^j d Ac(t)T^ defined by 

(3-36) Kf,T,j ■■= {P^, ® lA^)Kf,T, 

where i^/,T is the Poisson kernel of T € I?/(7i). According to the proof of Theorem 
13.121 we have range if /^t C J\fj Ac(t)T^- Using Theorem 13.231 and taking the 
compression of relation (|3.32p to the subspace Mj (g) T>c{t) C F^(ii„) ® T>c{t), we 
obtain 

lNj®VciT) - PNj»VciT)^f,T{J^l, . . . , A„)e/,T(Ai, . . . , A„)*|7Vj ® VciT) 

= PArj(g,Vc(T)Kf,TK},j.\J\fj ®Vc(T)- 

Hence, and taking into account relations (|3.35p . (|3.36p . and that C* = A*\Afj, 
i — 1, . . . ,n, we infer that 

IaTj^Vcit) - 0/,t,j(Ci, . . . , C„)9/,T,j(Ci, . . . , C„)* = Kf^T,jK*f,T,j- 
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The last part of the theorem can be proved in a similar manner, using Theorem 
13.201 and Theorem 13.231 The proof is complete. □ 

Now we present a functional model for c.n.c. n-tuples of operators (Ti, . . . , r„) 
in the noncommutative variety V/,j(7i), in terms of the constrained characteristic 
functions. 

Theorem 3.26. Let J ^ F^lVf) be a w* -closed two-sided ideal of the Hardy 
algebra F^(T>f) and let T := (Ti, . . . ,r„) be a c.n.c. n-tuple of operators in the 
noncommutative variety 

Vfj{n):={{Xi,...,Xr,)eVf{n): ^(Xi,...,X„) = 0, ipeJ}. 

Then T :— (Ti, .... Tn) is unitarily equivalent to the n-tuple T :— (Ti, . . . , T„) G 
Vf^j{Mf_T,j) on the Hilbert space 



( 

where Ae^ ^ j •= \^ ^ t .1^ S ,T ] ^'^'^ operator Ti, i = l,...,n, is 
uniquely defined by the relation 

{PMj<SVc(t) |h/, t,j) ^i^ = {Bi ® ^Ac(t)-h) (■fVj«.X)c(r) |h/.t,j) ^ %,T,J, 

where Pj\fj0Vc(T) Wf t j is an injective operator, PMj(^Vc{t) the orthogonal projec- 
tion of the Hilbert space [Nj ® 2?c(t)) © Ae^ ^ j {Nj ® 'Dc(t)') onto the subspace 
J\fj (E) 'Dc(T); OLf^d Bi,. . . , Bn are the constrained weighted left creation operators 
associated with V/,j. 

Moreover, T is a pure n-tuple of operators in V/^j(7i), if and only if the con- 
strained characteristic function Qf^T,.i is an inner multi- analytic operator. In this 
case, T is unitarily equivalent to the n-tuple 

(3.37) ® Iva^T,)\Mf^TJ, ■ ■ . ,Ph,,^.,,(S„ ® /i,^,^,)|%,T,j) , 

where Ph^. ^ ^ is the orthogonal projection of Mj (8" T^c(T) onto the Hilbert space 
Proof. Define the Hilbert space 



and denote by t j the orthogonal projection of K/^t,j onto the subspace H/^t.j, 
defined in the theorem. In what follows, we show that there is a unique unitary 
operator F : 7Y ^ H/.t.j such that 

(3.38) T{K}^r^^jg) = Pn,,^„,{9®Q), g^Nj®Vc(T)- 
First, let us prove that 

(3.39) = ||PH,,,.,(ff©0)||, geMj®Vci^Ty 
Due to Theorem 13.251 we have 

(3.40) l|i^;-,T,j5ll' + l|e},T.j3ll'-|l5ll', 9eNj®Vc(T)- 

On the other hand, note that the operator $ : Mj ® 'Dciry ^ '^f,T,,j defined by 
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is an isometry and 

(3.41) $*(g®0) = e},i.,j<7, eAAJ(g)2?c(T)• 
Consequently, we have 

\\9f^\\PM,^^.A9®0)W' + m*{g®Q)r 

= \\PMf,T.ji9®0W + \\&lTj9f 
for any g G A/j (81 T>c{t)- Hence, and using (|3.40|) . we deduce (I3.39p . 

Since (Ti,...,T„) is c.n.c. n-tuple in Vfj{TL), Proposition 11.111 shows that 
Kf^T is a one-to-one operator. On the other hand, Kf^T,.j = {PMj 'H)Kf,T and 
the range of i^/,T is included in the subspace A/j ® A/,t(H). Consequently, the 
constrained Poisson kernel Kf^r.j is also one-to-one and range if^^^j is dense in 
H. On the other hand, let x £ H/ t,,/ and assume that x _L Pmj, t .j{9 ® 0) fo'" any 
g e A/j ® 'Dc(T)- Using the definition oiMf^T,j and the fact that IK/,t,j coincides 
with the span 

{5®0: 5 e A0®2?c(T)} V{%XJV'© Ae^.^ ,9?, € AO ® 2?c(t)*} , 
we deduce that a; = 0. This shows that 

H/,T,j = {Pai,T.j{9®^) ■■ 9 eAfj (E)Vc(T)} 

Hence, and using relation (|3.39p . we infer that there is a unique unitary operator 
r satisfying relation (|3.38p . 

For each i = 1,. . . ,n, let Tj : Ilf,T,j H/.t,,/ be the transform of Ti under 
the unitary operator T : H ^ ^f,T,j defined by p.38p . that is, 

Ti := TTiT*, z = 1, . . . ,n. 

We prove now that, for each i = 1, . . . , n, 

(3.42) [PUj^-DciT) Ih/.t,j) = {Pi ® ^Aj_th) {Pj^.j®'Dc{t) Wi.t,j) X 

for any x S Mj^tj First, notice that using Theorem 13.251 relation 13.411 and the 
fact that $ is an isometry, we obtain 

PMj®-Dcm^P^},T,j9 = PMj®Vc(T)Pnj,T,j (5 © 0) 9 - P^j^Vc^t)^^* i9 © 0) 

= .9 - 'df.TjQ*f^Tj9 = Kf^TjK}j. jg 

for any g £ Afj (81 T>c(t)- Consequently, using the fact that the range of K'j: 7- j is 
dense in Ti., we deduce that 

(3.43) Pj\fj(g,Vc(T)^ = Kf-T-J- 

Hence, and taking into account that the constrained Poisson kernel Kf^T,,j is one- 
to-one, we can conclude that 

(3.44) PMj^Vc^t) Ih/.t,,/ = Kf^TjT* 

is a one-to-one operator acting from IHI/,t,,/ to JVj ^ 'Dc{T)- Now, using relation 
()3.43p and the properties of the constrained Poisson kernel, we have 

{PMj<8Vc(t) Ih/.t,./) T*r/i = (-PVj«iX)c(T) Ih/.t.j) ^T*h = Kf^T,jT*h 
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for any h E H. Hence, we deduce relation (|3.42p . We remark that, smce the 
operator ^Vj(gi-Dc(r) Ih/.t,.; is one-to-one (see p.44|) ). the relation p.42|) uniquely 
determines each operator T*, i ~ 1, . . . ,n. 

To prove that last part of the theorem, assume that T := (Ti, . . . , T„) is a pure 
n-tuple in Vf^jiTL). Due to the proof of Theorem 11.151 the constrained Poisson 
kernel Kf^T,j ■ A(/(8) A/^yH is an isometry. Consequently, Kf^T,jKjrpj is the 
orthogonal projection of Afj (8) Af^r'H onto Kf^T.j'H. Using Theorem l3.251 we have 

Kf,T,jK*fj,j + <df,T,j'd*f,T,j = ^M,(s,AjyH- 

This shows that K f^T,jK*j j, j and & f,T,jQ*f t j mutually orthogonal projec- 
tions. Therefore, 6/.t,j is a partial isometry, i.e., an inner multi-analytic operator, 
with respect to Bi,. .. Consequently, 0}t is a projection. This im- 

plies that Ae^ r / is projection on the orthogonal complement of range Q*f rp j. 
Note that u(Bv& ^f,Tj is in the subspace Mf^x,./ if and only if 

for any ip £ A/j (8) T^c(t)'i which is equivalent to 
(3.45) e},T,^u + Ae,,,,,i. = 0. 

According to the above observations, we have 0^ rp ju 1. jV. Consequently, 

relation (|3.45p holds if and only if p jU ~Q and w = 0. Therefore, 

H/,T,J = {■N'.J®'Dc(T))QQf,T,j{.N'.J®'Dc(Tr)- 

Notice also that, Pj\fj^Vc(T) Ih/, t,j is the restriction operator and relation p.42p 
implies 

Ti = Puj^T,j{Bi ® /pp(^))|H/,T„/, i = 1, . . . ,n. 
Conversely, if we assume that Of^T,j is inner, then it is a partial isometry. Once 
again. Theorem 13.251 implies that Kf^T,j is a partial isometry. On the other hand, 
since T is c.n.c, Proposition II. Ill shows that Kj^t and, consequently, Kf^T,j are 
one-to-one partial isometries, and therefore isometrics. Due to relation (|1.22p . we 
have 

K*f p, jKf^T,.] = K*f pKf^T = Ih- SOT- lim ^) p{I). 

Consequently, we have SOT- limfe^oo ^jri-^) = which proves that T is a pure 
n-tuple of operators with respect to I?/ (7i ) . This completes the proof. □ 

Let $ e (V/,j)0B(/Ci,/C2) and e {V fj)®B{]C[,lC'^) be two multi- 
analytic operators with respect to the constrained shifts -Bi , . . . , i?„ associated with 
We say that $ and coincide if there are two unitary operators Tj G 
B{ICj,ICj) such that 

^'{IaTj ® n) = (%,, ® T2)4'. 

Now we can show that the constrained characteristic function Qf^T,j is a com- 
plete unitary invariant for c.n.c. n-tuples of operators in the noncommutative 
variety V/^j. 

Theorem 3.27. Let J ^ F^iVf) be a w* -closed two-sided ideal of the Hardy 
algebra F^{Vf) and let T := (ri,...,T„) G V/,j(7i) and T' := {T[, . . . ,T'^) e 
V/,j(7i') be two c.n.c. n-tuples of operators. ThenT andT' are unitarily equivalent 
if and only if their constrained characteristic functions Qf^T,j o,nd Of^T',j coincide. 
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Proof. First assume that the n-tuples T and T' are unitarily equivalent and 
let U : Ti ^ Ti' he a. unitary operator such that Ti = U*T[U for any z = 1, . . . , rt. 
We recah that T := {a G F+ : 7^ 0}, N := cardT, and 

C(T) [V^Ta : a e r] 

is the the row operator with the entries are arranged in the lexicographic order of 
r C F+. Note that C{T) is an operator acting from Ti*^^-' (the direct sum of N 
copies of Ti.) to H.. Since A^^^,^ = / — '}2\a\>i o,aTaT*, we deduce that UAc{t) — 

Ac{T')U. Similarly, we obtain {®fL^U)Ac{T)' = Ac(t)'* (©iliC/)- Define the 
unitary operators r and r' by setting 

r := U\Vc(T) ■■ 2?c(T) ^ T^c{T') and r' {®^=iU)\Vc(t)' ■ 1^c{t)* '^ciT')'- 

Using the definition of the constrained characteristic function, it is easy to show 
that 

{IMj r)Qf,T.j = Q f.T'.. J {In. J ® t'). 

Conversely, assume that the constrained characteristic functions of T and T' 
coincide. Then there exist unitary operators r : I'c'(t) ~^ T^c(T') and : I'c(t)* ~* 
T^c(T'Y such that 

(3.46) (/v., ® T)^f,T,.j = '^s.t',j{In-j ® r*). 
It is clear that relation ()3.46p implies 

and 

«) T* ) A<i.^,r,.7(A/'j<»2'c(T)0 = A^^^,^{N.j®Vc(Tr)- 
Define now the unitary operator U : K^.t.j K/^^' j by setting 

C/ := {Im., ®t)® {Im., «)n). 
Simple computations reveal that the operator $ : Mj ®'Dc{t)' ^ ^fTj, defined 

by 

Qf^T,j^ ffi ^ej,T. J ^eNj ® 'Dc(t)' , 
and the corresponding satisfy the following relations: 

(3.47) C/$(/aa., ®n)* = 
and 

(3.48) (/X, « r) P^^--^,,, C/* = P^';^'^^^^,^ , 

where Pf/j'^xi^ ^ is the orthogonal projection of K/,t,j onto A/j (81 'Dc(t)- Note 
also that relation (|3.47p implies 

= K/,T',j e $'(%./ ® T,){J\fj (g) Vc(ty) 
= K/,T',j e $'(A0 VciT')')- 
Consequently, the operator C/|h^ j : Mj.t IHI/^t',j is unitary. 
On the other hand, we have 

(3.49) {B* ^ Iva^^,^){lNj ®r) = ® t){B* ® 7^,^^,, ). 
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Let T (Ti, . . .T„) and T' {T[, . . .T'„) be the model operators provided by 
Theorem 13.261 for T and T', respectively. Using the relation (I3.42p for T' and T, as 
well as (15^ and (P^ . we have 

for any a; S IHI/^t,j and i = 1, . . . ,n. Using the fact that Pf^^j^i)^^^,^ \mj r^, j is an 
one-to-one operator (see Theorem I3.26P , we deduce that 

iUWi,T.j) = %* (C^Ih^.t,,/) : i = 1, . . . , n. 

Finally, using again Theorem 13.261 we conclude that the n-tuples T and T' are 
unitarily equivalent. The proof is complete. □ 

We remark that in the particular case when J = {0}, we obtain the characteris- 
tic function f^T and model theory for n-tuples of operators in the noncommutative 
domain 'Df{'H). 

Now, we discuss the commutative case when (Ti, . . . ,T!„) e 'Df{TL) and 

TiTj TjTi for i, j = 1, . . . , n. 

Assume that / ~ '^\a\>i'^aXa is a positive regular free holomorphic function 
on B{H)^. If Jc is the it;*-closed two-sided ideal of F^iVj) generated by the 
polynomials 

{W,Wj-W,W,: i,j = l,...,n}, 

then A/jc — Psi'^f)^ the symmetric weighted Fock space, and 

Li Pp2(j,^)Wi\F^{Vf), i = 1, . . . ,n, 

are the weighted creation operators on the symmetric weighted Fock space. We 
showed in Section II. 6[ that the symmetric Fock space F'^ {T> / ) can be identified 
with the Hilbert space if^(2?y(C)), which is the reproducing kernel Hilbert space 
with reproducing kernel Kf:V°{C)x V°{C) C defined by 

Kf{z,w):= ^ —, z,weV'}{C), 



where 



■D}{C) := {z := (zi, . . . , z„) e C" : ^ a„|z„p < 1}. 

|q|>1 



We proved in Section [H] that F^^iVfjJ := Pp2(X)^)-F;f (X>/)|f2(x)^), is the 
w*-closed algebra generated by the operators Li, i ~ l,...,n, and the iden- 
tity. Moreover, we showed that F^{Vfj^) can be identified with the algebra 
of all multipliers of iJ^(2?j(C)). Under this identification, the weighted creation 
operators Li, . . . ,Ln, generating Fj^{Vf^jJ, become the multipHcation operators 
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Mz^, . . . , Mz^ by the coordinate functions zi, . . . , 2„ of C". If the n-tuple of oper- 
ators T (Ti, . . . , Tn) is in Vf[n), then T e Vf,j^{H) if and only if 

TiTj = TjTi, i,j = l,...,n. 

Under the above-mentioned identifications, the constrained characteristic function 
of T S Vf,j^{Ti) is the muhiphcation operator 

Me,.,.,^ : H\V}{<C)) (g> Vary ^ H\V}{<C)) (g> 2?c(t) 

defined by 

\ l"l>i / 

for z e V°{C). 

Remark 3.28. All the results of this section can be written in the particular case 
when (Ti, . . . ,T„) is a completely non-coisometric n-tuple of commuting operators 
m Vfin). 

A few comments about the results of this section are necessary. Note that, 
in particular, if p = J2i<\a\<m ^a^a is a positive regular polynomial, then I?p(C) 
is a Reinhardt domain in C". We should remark that we can recover, in this 
particular setting, the results from [26j when (Ti, . . . ,r„) G 'Dp{Ti) is a pure n- 
tuple of commuting operators. 

When p = Xi A- ■ ■ ■ + Xn and (Ti, . . . , Tn) G T>p{H) is a commuting n-tuple 
of operators, we obtain the characteristic function introduced in 84 and [24] , and 
further studied in [85], [25] and [20] . 



3.5. Curvature invariant for n-tuples of operators in Dp 

We introduce the curvature and ^-curvature associated with n-tuples of opera- 
tors T :— (Ti, . . . , Tn) in the noncommutative domain I?p(7i), where p is a positive 
regular noncommutative polynomial. We prove the existence of these numerical 
invariants and present basic properties. We show that both the curvature and *- 
curvature can be express in terms of the characteristic function 6p,T of T G I?p(7Y). 
The particular case when Vp^ (Ti.) is the noncommutative ellipsoid 

{{Xi,...,Xn) e Bin)" : aiXiXl + ■■■ + anX^X*^ < 1} 
is discussed in greater details. 

Throughout this section, we assume that p := J2i<\a\<m'^'^^o' ^ positive 
regular polynomial, i.e., Oq > and Cq, > if \a\ = 1. As in the previous sec- 
tions, we associate with the n-tuple of operators T := (Ti, . . . ,Tn) G VpiT-l) the 
completely positive linear map 

$p,t(X) <^c.VT*, X e B{n). 

1< |a| <m 

The adjomt of is defined by ^^ri^) Ei<\a\<m ac.T*XTo,, X e B{H). 
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Lemma 3.29. If T :— (Ti,...,T„) is in the noncommutative domain 'Dp{H), 



then 



(3.50) trace $p,t(^) < II $;,TU)l|trace(X) < j ^ ^ trace (X) 

\l<|a|<TO "/ 

for any positive trace class operator X, where the coefficients 6q,, a G F+, are 
defined by (fL^ . 



Proof. If X > is a trace class operator, then 



trace $p,t(^) = trace ^ X^^^acT*Tc,X^/^ \ = tTSice[X^/^<^>*pj.{I)X^^^] 

\l<|Q|<m J 

< ||$;_y(/)||traceX. 

Using the von Neumann incquahty of Theorem 11.41 we have 

II*;,t(^)II =II[V^7^: : 1< |a| <m]||2 
<|j[V^W-:: l<|a|<m]|p 

l<\a\<rn 

- ^ K 

1 < I a I < m 

The latter inequality is due to the fact that ||VFa|| = "^/l"' ^ ^^^'^ Section [O]) . 
The proof is complete. □ 



In what follows, we define the curvature curvp : 'Dp{'H) — > [0, oo) and show that 
it exists. 

Theorem 3.30. Letp :— X]i<|a|<m '^aXa be a positive regular noncommutative 
polynomial. If T :~ (Ti, . . . , r„) is in the noncommutative domain T>p(Ti.), then 



(3.51) curVp(T) :— lim 

k — *oo 



trace {k; ,. [i - $^-+^(/) <E> I^;^] K^^t} 



El E t 

3=0 V l<|Q|<m , 



exists, where Kp x is the Poisson kernel associated with T and the defect operator 
Ap,T := (/ - $p,t(/))^^^. Moreover, 

curVp(T) < oo if and only if trace(/ — $p.7'(/)) < oo. 

Proof. Due to the properties of the Poisson kernel Kp T (see Section FO)) . we 
have Kp^xT* = {W* (g) Iu)Kp,T, i = 1, . . . , n, and K* j,Kp^T = I - Qp,T, where 
Qp,T ■= limrn^oo ^^^tW- Noticc also that 



-^k+l 



fc+1/ 
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Hence, we have 

= I - Qp.T - ^p^^I) + Qp,T 

= I-^l+^\I). 

Since the sequence of positive operators {/ — $pV^(-f)}fe^i is increasing, it is clear 
that curvp(r) — oo whenever trace(J — $p,t(^)) — oo. 

Assume now that trace(/ — <^p,t{I)) < oo and denote 7 := Si<|Q|<m f^- 
Due to relation (jl.2p . we have bg- = Qg-, i = 1, . . . ,n. Consequently, 7 > n and 
the equality holds if and only if the positive regular polynomial p has the form 
aiXi + h anXn- 

First we consider the case when 7 > 1. Using the definition (|3.5H) and the 
calculations above, we have 

trace 

(3.52) curv„(r) = (7 - 1) 1™ ■ , . 

k^oo 7*^ 

We show now that this limit exists. Since 

(3.53) / - $^+i(/) = / - %^t{I) + $p,t(/ - fc = 1, 2, . . . , 

we infer that /-$^+i(/) is a trace class operator. From Lemma [3. 291 and relation 
and (j3.53|) . we obtain 

(3.54) trace [/ - <S?';%\l)] < 7trace [/ - $p,t(^)] + trace [/ - %,TiI)]. 
Therefore, setting 

_ trace [/ - <PItW] trace [/ - <i>^;T\l)] 
relation p.54p implies 

trace [/-a>p,.(/)] ^ fc=l,2,.... 

Since 7 > 1, it is clear that ^ Xk < 00. Furthermore, every partial sum of 

the negative Xk's is greater then or equal to —trace [/ — ^p,t{I)], so J2k- x <o^k 
converges. Therefore, Xk is convergent and consequently 

trace [/-<i>^,^(/)] 
lim T — — 

fe^oo 7*^ 

exists, which, due to relation (|3.52p . implies the existence of the limit defining the 
curvature. 

Now, we consider the case when 7 = 1. Using again Lemma [3. 291 we get 

(3.55) < trace [$^^'(/ - $p,t(/))] < trace [$^,7,(1 - $p,t(/))] 

for any fc = 0, 1, . . .. Hence, the sequence {trace [$p — ^p,T{I))]}kLo decreas- 
ing and 

lim trace j.(/ - $p,t(/))] 
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exists. Consequently, using an elementary classical result and the calculations pre- 
sented in the beginning of the proof, we obtain 

trace{i^;,j,[/ - $fc ^(/) ^ i^-^]k^^} 



curvp(r) : — lim 



k^oc k 

= ^hm trace{i^;j,[(a>^7^(/) ~ <i>';^^il)) ® I^^]Kp^T} 
- lim trace [$^-i(/-$p,T (/))]. 
The proof is complete. □ 

Corollary 3.31. Let T :— (Ti,...,T„) be in the noncommutative domain 
Vp{n) and let 7 := Ei<|a|<,„ ff- Then 

trace 

curvp(r) = (7 - 1) hm T — ■ if 7 > 1, 

fe— ►00 7"^ 

and 

trace [J - $^^(7)] 

curv„(T) — lim — — 

k 

= lim trace [$!; - $p.t(/))] 

k — >OQ 

?/ 7 = 1 . Moreover, 

curvp(r) < trace [/ - $p,t(/)] < rank [/ - $p,t(/)]- 

Proof. The equalities above were obtained in the proof of Theorem 13.301 To 
prove the last part, assume first that 7 > 1. Using the inequality (|3.54p . we deduce 

trace ^ ^1 trace [I ~ ^^Tjl)] 

^k+l — Z-^ rym 

' m=l ' 

_ trace [/ - %.t{I)] 7''+^ - 1 

Hence, we obtain the last part of the corollary. When 7 = 1, one can use inequality 
(|3.55p to complete the proof. □ 

Due to the Theorem 13.301 and Corollary I3.31i it is easy to see that if we have 
A (Ai, . . . , An) e Vp{n) and B (Si, . . . , B„) e Pp(/C), then the direct sum 
A®B -.^ {Ai®Bi,...,An®Bn) eVp{H®K.) and 

curVp(A Q) B) = curVp(A) + curvp(i3). 

In particular, if /C is finite dimensional, then curVp(A (B B) = curVp(A). 

We can write now the curvature invariant in terms of the characteristic function 
associated with T e 'Dp{H). 

Theorem 3.32. IfT :— (Ti, . . . ,r„) is in the noncommutative domain Vpiji) 
and rank A^.t < 00, then 



trace 

(3.56) curvp(r) = lim 

k — '■oo 
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exists, where 6p,T is the characteristic function associated with T. 

Proof. Since /— ^p^wil) = Pc (see Section [TTT|) . the operator 

fe 

I - K^^il) = E '^pMI - '^pMI)), fc = 0, 1, . . . 

m=0 

has finite rank. On the other hand, rank Ap^x < oo imphes that I—^p~wiI)'^I'A~~PH 
has also finite rank. Using the properties of the trace and the factorization result 
of Theorem 13.301 we deduce that 

trace [k;,^ {I -$^+v^(/) ® 1^^) Kp.T 
= trace 
= trace 

According to Theorem 13.231 we have / — 6p,T0p t — ^p,tK* rp. Now, we can 
complete the proof. □ 

Proposition 3.33. Let pi :— aiXi + • • • + a„^„ be a positive regular poly- 
nomial and let W := {Wi, . . . , Wn) be the model operator associated with the non- 
commutative domain Vp^ . A pure n-tuple of operators T := (Ti, . . . , r„) e Vp^ (H) 
is unitarily equaivalent to {Wi (g) I/c, ■ ■ ■ , Wn fX" Ik), where K, is a finite dimensional 
Hilbert space, if and only if 

(3.57) curVp,(T) = dim (/ - $p,^t(/))^^^ H < oo. 

Proof. First, notice that due to the results of Section [TTTl Wi — -^Si for 
i — l,...,n, where Si,...,Sn are the left creation operators on the full Fock 
space F'^{H„). Consequently, ^"^^ vf(^) = E|a|=fe '5'q5'* for k = 1,2,..., and 
(/-$p„H'(/)) = Pc. 

Assume that there is a unitary operator U : H ^ F'^{Hn) ® IC such that 
T, = U*{W,®Ik)U, i = l,...,n. Since $^;^t(^) = U* [%,,w{I) ® Ik]U for 

1/2 

fc = 1, 2, . . ., we deduce that dim (/ — ^p-^^t{I)) 'H = dim/C < oo and 



curvpj (T) = lim 



trace 



= dim/C. 



fc^co 1 + n + ri^ + ■ ■ ■ + n'^ 

Conversely, assume that the n-tuple T :— (Ti, . . . ,r„) e Vp^iTi) is pure and 
satisfies the condition (|3.57p . If Yi := ^/aiTi, i — 1, . . . , n, then Y := [Yi, . . . , Yn] 
is a row contraction and curvpj(r) ~ curv(y), where curv(F) is the curvature 
associated with a row contraction Y (see [86] ). Notice that due to relation (|3.57p . 
we have 

curv(r) = dim(/ - YiY{ Y„Y*)^/^H < oo. 

Using Theorem 3.4 from [86] . we deduce that Y :— [Yi, . . . , Yn] is unitarily equiva- 
lent to [5*1 (8) /(c, . . . , Sn'E)lK] for some finite dimensional Hilbert space JC. Therefore, 
(Ti, . . . , T„) is unitarily equivalent to {Wi Ijc, . . . , Wn <S) Itc)- This completes the 
proof. □ 

We introduce now the ^-curvature associated with T := (Ti, . . . , T„) g Vpiji). 
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Theorem 3.34. IfT := (Ti, . . . ,T„) is in the noncommutative domain 'Dp{H), 
then 

(•J-58) curv„(J ) :— lim — 7-— — 7-— — , ,,,, . 

^ i + ii*;,t(^)|| + --- + ii<J';,t(^)||' 

exists. Moreover, curv*(T) < 00 if and only i/trace(/ — $p,t(-^)) < 00. 

Proof. When ||$*y(/)|| > 1, the proof is similar to the proof of Theorem 
13.301 All we have to do is to replace 7 by H'l'p and use Lemma [3.291 

Now, assmxie 11$* 7-(/)|| < 1. Since 

/ - ^ / - + $p - $^ ,,(/)), fc = 1, 2, . . . , 



Lemma 13.291 implies 

(3.59) trace[J- < | trace [/- + trace [/- $p,t(/)]. 

Iterating relation (|3.59p . we deduce that the sequence {trace [/ — 'i'p,T(^)]}fe^i is 
bounded. Since the sequence of operators{/ — 'i'p^T(-^)}fc^i is increasing, we infer 
that linife^oo trace [/ — $p t(-^)] exists. According to the definition p.58p and the 
calculations at the beginning of the proof of Theorem 13.301 we get 

curv;(r) = (1- ||<i>;j,(/)||)£m^trace [/ - $^^^,(7)]. 
The proof is complete. □ 

The ^-curvature can be expressed in terms of the characteristic function of 
T E 'Dp{H). A result similar to Theorem 13.321 holds. Since the proof is essentially 
the same, we shall omit it. 

Corollary 3.35. IfT := (ri,...,r„) is in the noncommutative domain 
VplTi.), then 

hm '"^^'"S'^'^' ||<i>;.T(/)ll > 1, 

k^oQ II p,T V y II 

curv;(T) = <( ^lim trace [$^^^,(7 - %.T{m \\%,t{^)\\ = 1, 

(1- m^trace[/-$^,j,(/)] ||<i>;,y(/)|| < 1. 

Moreover, > 1, then 

cmv*j,{T) < trace [/ - %,t{I)] < rank [/ - $p,t(/)]- 

Proof. The proof is similar to that of Corollarv l3.31l □ 

Let A be a nonempty set of positive numbers t > such that 

trace $p.t(A") < i trace X 

for any positive trace class operator X E B{Ti). Notice that Theorem 13.341 and 
Corollary 13.351 remain true (with exactly the same proofs) if we replace 7-(/)| 
with t E The corresponding curvature is denoted by curVp(T). 

When d :— inf A, the curvature curVp(T) is called the distinguished curvature 
associated with T E VpiTi.) and with respect to A. Now, using the analogues of 
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Theorem 13. 341 and Corollarv l3.35l for the curvatures curv* (T), t e A, one can easily 
prove the following. If curVp(r) > 0, then 



curv*(T) 



'curv;^(r) if t>i, 

^ curv^(T) if t<l. 



As we will see latter, if curVp''(T) = for some to e A, then, in general, curVp(r) ^ 
0. Therefore, the distinguished curvature curv;^(T) is a refinement of all the other 
curvatures curv* (T), t G A. 

All the results of this section concerning the ^-curvature have analogues (and 
similar proofs) for the distinguished curvature. 

Corollary 3.36. // trace (/ — ^p^ril)) < oo and 

ba ' 



o<|i$;^(/)|| < ^ 



l<|a|< 

then curVp(r) = 0. 

Proof. Assume curVp(T) > and let 7 := J2 f^- Due to Theorem [331 

l<|Q|<m 

we have curv*(T) < 00, which implies ™'^^''^^\ < 00. On the other hand, due to 
the fact that 11$* < 7, we can use Theorem 13 . 301 and Theorem l3.34l to deduce 

that 

curv;(T) _ ^ 1 + 7 H h 7*^ 

curvp(r) ' i + ii<i>;^Ta)ii + --- + ii*;,TU)f " 

which is a contradiction. Therefore, we must have curVp(T) = 0. □ 

Due to CoroUarv 13.361 the curvature invariant curVp(T) does not distinguish 
among the Hilbert modules over CF+ with < < f^- However, 

l<|Q|<m 

in this case, our ^-curvature curv*(T) in not zero in general. 

Proposition 3.37. Let pi := aiXi + • • • + a„X„ be a polynomial with Oi > 0, 
i = 1, . . . ,n. 

(i) For any t > there exists T :— (Ti, . . . , r„) e Vp^iji) such that 

curvpj (T) — t. 

(ii) For any t > Q there exists A :~ {Ai, . . . , An) G 2?^^ (7i) such that 

curvpj {A) = and curv*^ [A) — t. 

Proof. According to Theorem 3.8 from [86 , there exists a row contraction 

Y := [Yi,...,y„] e BiUY such that dim (/ - YiY* YnY*f/'^'H < 00 and 

curv(r) = t. Setting T, := -^Y,, i = l,...,n, we have T := (Ti,...,T„) e 

Vp^CH). Due to our Theorem 13.301 and Corollary 2.7 from [86] . we deduce that 

curvpj (T) = curv(y) — t. 

To prove part (ii), let 2 < m < n — 1 and define the positive regular poly- 
nomial q ciXi + • • • CmXm, where Cj := aj ii j — 1, . . . , m — 1 and Cm '■= 
\J Om + ctm+i + ■ ■ • + On- Duc to part (i), we can find an m-tuple of operators 
(Ti,...,Tm) e Vq(Ji) such that curvg(T) = t. Using CoroUarv 13. 36| we deduce 
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that ||<I>;i.(/)|| 
if j = m, 

ii'i>;,Ta)ii 



m. 



Now, define Ai := if i = 1, 



, TO 



f and Ai := T„ 



,n. Notice tliat ^q,T{I) = ^piM^) and <i>*7^(/) = %j^,aW- ^i^ce 
TO, we must liave |l<i>* 



and Theorem 13.301 we have 

curv* (A) — Hm 1— 



Pi = Hence, and using Theorem 13.341 

trace [/-<i>^+Ji(/)] 



\\%,Tim + --- + \\K.Tim 



p, re- 



trace 



= Hm 

fe— >oo 1 + TO + TO^ 

= curVq(T) — t 
On the other hand, since m < n, we have 



curvpj^ (A) — hm 

A; — ^oo 1 



hm 

/c — ^oo 



trace[/-$^+],(/)] 



+ n + rt^ • • • + n*^ 

trace f + to + to^ • • • + ; 



f + TO + TO^ 

curv,(T) -0 = 0. 



This completes the proof. 



□ 



An important problem that remains open is whether Proposition 13.331 and 
Proposition 13.371 remain true for noncommutative domains Vp generated by ar- 
bitrary positive regular polynomials. 



CHAPTER 4 



Commutant lifting and applications 




4.1. Interpolation on noncommutative domains 

In this section we provide a Sarason type commutant lifting theorem for pure 
n-tuples of operators in noncommutative domains Vf (resp. varieties V/,j) and we 
obtain Nevanlinna-Pick and Schur-Carathcodory type interpolation results. 

Let f{Xi, . . . ,Xn) :— J2ae¥+ o,aXa, a-a € C, be a positive regular free holo- 
morphic function on i3(7i)". According to Section [TTT| / satisfies the conditions 

l/2fe 
' < OO, 

> for any a G F+, a^,, = 0, and Ug- > 0, i = 1, . . . , n. 

Using Parrott's lemma [61j . one can prove the following commutant lifting 
theorem which extends Arias' result [5] to our more general setting. Since the 
proof follows the same lines we should omit it. 

Theorem 4.1. Let f be a positive regular free holomorphic function on i?(7i)" 
and let {Wi, . . . , W„) and (Ai, . . . A„) be the weighted left (resp. right) creation op- 
erators associated with the noncommutative domain Vf. For each j — 1,2, let 
£j C F'^{Hn) ® ICj be a co-invariant subspace under each operator Wj lie-, 
i = 1, . . . , n. If X : £i £2 is a bounded operator such that 

X[P£,iW, ® IkJIsA - [P£AW^ (g> Ik,)\£,]X, z = 1, . . . ,n, 

then there exists 

$(Ai,...,A„) e R^{V})®B(KuK2) 
such that fE'(Ai, . . . , A„)*£2 ^ Ei, 

<^{K^,...,Ky\£2^X\ and ||$(Ai, . . . , A„)|| - ||X||. 

We remark that a similar result to Theorem 14.11 holds if we start with co- 
invariant subspaces under A; ® Ix,. , i = 1, . . . , n. 

Let J be a w* -closed two-sided ideal of the Hardy algebra F^{T>f) and assume 
that T := (Ti, . . . ,T„) is a pure the n-tuple of operators in the noncommutative 
variety 

(4.1) Vfjin) := {Xi, . . . ,X„) e Vf(n) : fiTi, . . . ,T„) = for any ip e J} . 



Due to Theorem 13.201 the n-tuplc (Ti, . . . , r„) e V/^j(7i) is unitarily equivalent to 
the compression of {Bi ^ Ijc, ■ ■ ■ , Bn ® Ik) to a co- invariant subspace £ under each 
operator Bi® Ijq, i — 1, . . . , 7^. Therefore, we have 

T, = P£{B,®Ik.)\£, i = l,...,n. 



Ill 
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As in our previous sections, define the subspaces of F^(iJ„) by 

Mj JF^Hn) and M; ■= F^{Hn) Q Mj, 

and the constrained weighted left (rasp, right) creation operators associated with Vf 
and J by setting 

Br.= P^,jW,\Mj and Q := Paa.A,|AO, i = l,...,n. 

The following result is a Sarason type |91| commutant lifting theorem for pure 
n-tuples of operators in the noncommutative variety V/.j. 

Theorem 4.2. Let J be a w* -closed two-sided ideal of the Hardy algebra F!^{'D f) 
and let {Bi, . . . , _B„) and (Ci, . . . , C„) be the corresponding constrained weighted left 
(resp. right) creation operators associated with the noncommutative variety V/,j. 
For each j = 1,2, let ICj he a Hilbert space and £j C A/j ® ICj be a co-invariant 
subspace under each operator Bi ® Iic^, i = 1, . . . ,n. If X : Ei ^ E2 is a bounded 
operator such that 

(4.2) A[P£,(B,®/kJ|£J = [P£,(B, ^/^JlfJA, f = l,...,n, 
then there exists 

G(Ci,...,C„) e R^{Vfj)®B{lCiX2) 
such that G(Ci, . . . , Cn)* E2 C Ei, 

G(Ci,...,C„)*|f2 =A*, and |lG(Gi, . . . , C„)|| = 

Proof. The subspace Mj ® ICj is invariant under each operator W* IiCj, 
i = 1, . . . , n, and 

{W* (g) /k;,)|AO (E)ICj ^ B* (g)Iic^, i = l,..., n. 

Since Ej C J\fj (g) ICj is invariant under B* ® Ijc^ it is also invariant under W* (E) Ijc, 
and therefore 

(W* ® I,c,)\£j = {B* <E> I,cM' i = l,...,n. 
Consequently, relation (|4.2p implies 

(4.3) XP£,{W^(g>I^,)\£,^P£,{W,(g>I^,)\£,X, ^ = l,...,n. 

It is clear that, for each j — 1,2, the n-tuple {Wi (X) Ijc^ , ■ • ■ , Wn (g) Ijc^ ) is a dilation 
of the n-tuple 

[Pf, {Wi ®I^^)\E,,..., Pe^ {Wn ® Ik, 
Due to Theorem mH we can find $(Ai, . . . , A„) G i?^(I?/)(g)B(/Ci, /C2), a multi- 
analytic operator with respect to Wi, . . . , Wn, such that $(Ai, . . . , A„)*£2 ^ Ei, 

(4.4) $(Ai,...,A„)*|£2 = A*, and ||$(Ai, . . . , A„)|| = ||A||. 

Now, let G(Gi, . . . , G„) := PAA^^ycs^CAi, . . . , A„)|A/'j (g) /Ci. According to Sec- 
tion [5Tll we have 

G(Gi,...,G„) e [P^,R^{Vf)\J^j]^BilCi,IC2) = R^{Vfj)^B{ICi,IC2). 

On the other hand, since $(Ai, . . . , A„)*(A/j ® IC2) C TVj (g) /Ci and £j C TVj (g /C^, 
relation (|4.4p implies 

G(Gi,...,G„)*£2Cfi and G(Gi, . . . ,G„)*|f2 = A*. 

Using again relation (|4.4p . we have 

liA||<||G(Gi,...,G„)ll<||$(Ai,...,A„)||=.||A||. 
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Therefore, \\G{Ci, C„)|| = ||X||. The proof is complete. □ 

We remark that in the particular case when £j :— Q ^ ICj, where C/ is a co- 
invariant subspace under each operator Bi and Ci, i = 1, . . . ,n, the implication of 
Theorem 14.21 becomes an equivalence. Indeed, the implication " =^ " is clear from 
the same theorem. For the converse, let X = Pg^yc2^(C'i, ■ ■ • , Cn)\G ^ /Ci, where 
^'(Ci, . . . ,C„) e i?^(V/,j)(i)B(/Ci,/C2). Since B,Cj = C^B, for i,j = 1, . . . ,n, we 
have 

{B* ® Ik^)-^{C^, ...,C^r = -^{C^, . . . , C„)*(i?* ®Ik.). J = 1, . . . 

Now, taking into account that Q is an invariant subspace under each of the operators 
B* and C*, i = 1, . . . , n, we deduce relation (14. 2p . This proves our assertion. 

Corollary 4.3. Let J be a w* -closed two-sided ideal of the Hardy algebra 
F!^(T>f) and let {Bi, . . . , i?„) and (Ci, . . . , C„) be the corresponding constrained 
weighted left (resp. right) creation operators associated with the noncommutative 
variety V/_j. If K. is a Hilbert space and Q C AO is an invariant subspace under 
each of the operators B* and C* , i = 1, . . . ,n, then 

{[PeW(Bi, . . . , Bn)\g] ® IkY - [PgWiCi, . . . , Cn)\g]®BilC). 

If f{Xi, . . . , Xn) '■= X]aeF+ ^a^a, fta G C, is a positivc regular free holomor- 
phic function on B{H)^, we denote 

I?}(C) := J (Ai,...,A„) eC" : ^ a„|A„|2 < 1 I 
[ l"l>i J 

and 

V;,^(C) {(Ai, . . . , A„) e V}{C) : g(Ai, . . . A„) = for g e j} . 
We recall, from Section[Lll that the mapping K : P^(C) (g)X'^(C) C defined 

by 

Kfi^^,X) := ^ ^ for aU A,/i G V}{C) 

is a positive definite kernel on I?j(C). 

Now we can obtain the following Nevanlinna-Pick interpolation result in our 
setting. 

Theorem 4.4. Let J be a w* -closed two-sided ideal of the Hardy algebra F!^{'D f) 
and let {Bi, . . . , _B„) and (Ci, . . . , C„) be the corresponding constrained weighted left 
(resp. right) creation operators associated with the noncommutative variety V/,j. 
Let Ai, . . . , Afc be k distinct points in the variety and let Ai, . . . , Ak € B{IC). 

Then there exists ^(Ci, . . . , C„) S R'^{Vfj)®B{'IC} such that 

||$(Ci,...,C„)|| < 1 and $(A,) = A,, j = l,...,fc, 
if and only if the operator matrix 
(4.5) [{I^~A^,A*)Kf{\,\,)\^^^ 
is positive semideflnite. 
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Proof. Let Xj (Aji, . . . , Aj„) e C", j = l,...,fc, and denote Xja ■— 
•^j»i^ji2 • ■ • ^ii™ if a = giigi2---9i^ "= ^iid \jg„ := 1. As in Section [LH 
define the vectors 

z\j ■■= ^ \/b^Xjaea, j = l,2,...,n. 

According to Theorem 1 1.17i for any g ^ J, X £ j(C), and a,/? e F+, we have 

{zx,[Wc.giWi, . . . ,Wn)Wp]il)) =Kj(X}Xp = 0, 

which imphes z\ e Afj :— F'^{Hn) G J(l) for any A e Note also that, since 

B* = W* \Af,j and C* = A*|^j for i = 1, . . . , n, the same theorem imphes 

^i*^Aj = W^*^Aj = AjiZA, for i = 1, . . . , n; j = 1, . . . , fc, and 

(4.6) _ 

C*zx^ = A*ZAj = AjjZAj. for i = 1, . . . , n; j = 1, . . . , fc. 

Note that the subspace 

M := span{zAj : j = l,...,k} 

is invariant under B* and A* for any i — l,...,n, and A4 C A/",/. Define the 
operators Xi e i?(A^ ® JC) by setting A^ = PMBi\M G /k;, « = 1, . . • Since 
2:^1, ... , ZAfc are hnearly independent, we can define an operator T e B{M (8) IC) by 
setting 

(4.7) T*izx^®h)^ zx^(g>A*h 

for any h £ JC and j — 1, . . . , k. A simple calculation using relations ()4.6p and ()4.7|) 
shows that TXi = XiT for z = 1, . . . , n. 

Since is a co-invariant subspace under each operator Bi, i = 1, . . . ,7i, we 
can apply Theorem and find $(Ai,...,A„) e R^{Vf)®B{lC) such that the 
operator 

$(Ci, . . . , C„) := Px,«;c$(Ai, . . .,K)U.,^K € i?^(V;,j)Gi?(/C) 
has the properties 

(4.8) <^{Ci,...,CnyM®lC(lM®JC, ^{Ci,...,Cn)*\M®K, = T\ 

and ||$(Ci,...,C„)|| = ||r||. 

Now, we prove that ^'(Aj) = Aj, j = 1, . . . , /c, if and only if 

Pm(»k^{Ci, • . . , C„)|^0k: = 
Indeed, notice that since A*zAj — XjiZ\. we have 

<^(Ai, . . . , A„)*ZA = </5(A)zA 
for any <^(Ai, . . . , A„) e R^{'Df) and A G I?j(C). Consequently, we obtain 

(4.9) $(Ai,...,A)*(zA®/i) =ZA®*(Ai,...,A„)*/i 

for any A G I?^(C) and /i £ IC. Now, due to relations (|4.6p and (|4.9p . we have 

($(Ci,...,C„)*(zA^ (»a;),ZA^. = ($(Ai, . . . , A)*(za, Ga;),ZA, G y) 

^ (zA^. (8) $(Aj)*a;,ZA^ (g> y) 
= (^A,>2A,) ($(Aj)*a;,y) . 
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On the other hand, relation (14. 7p impUes 

Due to Theorem I1.17[ we have (^z\.,z\.'^ ~ Kf{Xj,Xi) ^ for any j ~ l,...,k. 
Consequently, the above relations imply our assertion. 

Now, since ||$(Ci, . . . , C„)|| = ||r||, it is clear that ||$(Ci, . . . , C„)|| < 1 if and 
only if TT* < Im- Notice that, for any hi, . . . , hk € JC, vfe have 

k 
k 

= J2 Kf{X,,X,){{I,c~A,A*)h,,h,). 

Consequently, we have ||$(Ci, . . . , C„)|| < 1 if and only if the matrix (|4.5p is positive 
semidefinite. This completes the proof. □ 

Let us make a few remarks. According to Proposition II . II and Proposition II. 91 
we have = U*{F^{Vj))U. On the other hand, an n-tuple (Ai, . . . , A„) is 

in T)°AC) if and only if it is in P°r(C). Now, using Theorem [1151 and Theorem [131 
we can deduce that following result. 

Corollary 4.5. Let f he a positive regular free holomorphic function on 
-B(7i)" and let Ai, . . . , Afc be k distinct points in I?j(C). Given Ai, . . . , Ak G B{IC), 
the following statements are equivalent: 

(i) there exists G F^{Vf)®B{IC) such that 

11*11 < 1 and *(Aj) = Aj, j = 1, . . . ,/c; 

(ii) there exists $ G H°°{V°j.-{C))<SiB{IC) such that 

||$|| < 1 and $(A,) = Aj, j = l,...,/c, 

where H°°{V°f{C)) is the algebra of multipliers of H'^{V°j:{C)); 

(iii) the operator matrix 

[{lK-A,A*)Kf{X.,X,)]^^^ 
is positive semidefinite. 

Using this corollary, we can obtain the the following result. 

Theorem 4.6. Let p be a positive regular free polynomial on _B(7i)" and let 
if be a complex-valued function defined on the Reinhardt domain I?°(C) C C", such 
that 

|<^(zi, . . . ,z„)| < 1 for all (2:i,...,z„) e ^"(C). 
Then there exists F e F!^{T>p) such that 

<p(zi, . . . ,z„) = i^(zi, . . . ,z„) for all {zi, . . . , Zn) <E T>°{C), 
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if and only if for each k-tuple of distinct points Ai, . . . , Afc G 'D°{C), the matrix 



(4.10) (l-(^(A,)<^(A,))Xp(A„A, 



kxk 



is positive semidefinite. In particular, if (j4.10p holds, then ip is analytic on I?°(C). 

Proof. One implication follows from Corollary 14.51 Conversely, assume that 
(fi : 'D°{C) C is such that the matrix (|4.10p is positive semidefinite for any k- 
tuple of distinct points Ai, . . . , A^ e I?°(C). Let {Xj}'j^i be a countable dense set 
in the Reinhardt domain 1)° (C) . Applying Theorem 14. 4i for each fc G N, we find 
Fk e F^{Vp) such that |lFfc|l < 1 and 

(4.11) ^fc(A,)=^(A,) for j = l,...,/c. 

Since the Hardy algebra F^CDf) is w*-closed subalgebra in i?(F^(iJ„)) and ||Ffc|| < 
1 for any fc G N, we can use Alaoglu's theorem to find a subsequence {^fc™}m=i 
and F E F!^{T>p) such that Fk^^ — > F, as m ^ oo, in the z«*-topology. Since 
Aj :— (Aji, . . . , \jn) G I?°(C), the n-tuple is also of class C.q. Due to Theorem ll.l2[ 
the F^(I?p)-functional calculus for c.n.c n-tuplcs of operators is VKOT-continuous 
on bounded sets. Consequently, we deduce that Fk^{Xj) F{Xj), as m oo, for 
any j G N. Hence and using (|4.11[) . we obtain ip{Xj) — F{Xj) for j G N. Given 
an arbitrary element z G I?°(C), we can apply again the above argument to find 
G G F^{Vp), \\G\\ < 1 such that 

G{z) = ip{z) and G{Xj) = ^(A^-), j G N. 

Due to Proposition 12.211 the maps A i— > G(A) and A i— > F{X) are analytic on the 
Reinhardt domain I?°(C). Since they coincide on the set {Aj}°^;^, which is dense 
in V°{C), we deduce that G(A) = F{X) for any A G I?°(C). In particular, we have 
F{z) = (p{z). Since z is an arbitrary element in T>°{C), the proof is complete. □ 

Let Vm be the set of all polynomials in the Fock space i^^(iJ„), of degree less 
then or equal to m G N. Here is our version of Schur-Caratheodory interpolation 
problem on the Hardy algebra (T^f)- 

Theorem 4.7. Let p(Ai, . . . , A„) :— J2\a\<m-^a 'S) B(a) be a polynomial in 
{V f )®B{lCi,]C2) ■ Then there is an element i^(Ai, . . . , A„) = X)aeF+ ® ^(a) 
in R^{Vf )®B{K.i,K2) with 

||V3(Ai, . . . , A„)|| < 1 and = for any a G F+, |a| < m, 

if and only if 

\\Pv^tg,K2P{^i, ■ ■ ■ , A„)|-p^^k;iII < 1- 

Proof. Since Vm is invariant under each operator W* and A*, i = 1, . . . ,n, 
and WiAj = AjWi for any i, j — 1, . . . , n, we have 

{W* (E) /k;Jp(Ai, . . . , A„)*|p„^k;2 =p(Ai, . . .,An)*{W* (g) Ik2)\v^<sK2- 
Hence, we deduce that 

where X := P-p^i^K^iVi^i-, ■ ■ ■ i ^n)\v„,(»K.i- Applying Theorem [HTl we find 
$(Ai,...,A„) = J2 D(^) E R^{Vf)m{JCi,JC2) 
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such that ||$(Ai,...,A„)|| = ||X||, $(Ai, . . . , A„)*CPm ® /C2) C T'™ /Ci, and 

$(Ai, . . . , A„)*|7'™ ® /C2 - p(Ai, . . . , Kn)*\V^ ® IC2. 

Using the definition of the weighted right creation operators associated with the 
noncommutative domain Vf, the latter equahty apphed on vectors of the form 
1 ® h, h £ IC2, imphes D(^gg-j = Bf^g^y Now, using the same equahty on vectors of 
type eg. (X) ft-, z = 1, . . . , n, we obtain —k= ® B>*, M = —k= ® B1 sh and, hence, 

D(^g.j = B^g.y Continuing this process and applying the above equality on vector 
Ca h with |a| = 2,3, ...,m, we deduce that = S(q,) for \a\ < m. This 

completes the proof. □ 

We remark that Theorem 14. 4[ Theorem 14. 6[ and Theorem 14.71 can be recast 
now as statements for multipliers of H'^{'D°JC)). 



4.2. Corona theorem for a class of Hardy algebras 

In this section, we prove a corona type theorem for a class of Hardy algebras 
associated with the noncommutative domain Vf, or the noncommutative variety 
Vf,j. 

Let us recall that if J be a u'*-closed two-sided ideal of the Hardy algebra 
F^(T>f), then the constrained weighted left (resp. right) creation operators associ- 
ated with the noncommutative variety V/,j are defined by setting 

B^ := PMjW^^Mj and C, P^, A,|AO, z = 1, . . . , n, 

where Nj F2(ff„) e JF2(iJ„). 

Theorem 4.8. Let J he a w* -closed two-sided ideal 0} the Hardy algebra F!^{T>f) 
and let . . . , _B„) and (Ci, . . . , C„) he the corresponding constrained weighted left 
(resp. right) creation operators associated with the noncommutative variety Vf^j. If 
A e R^{Vf,j)®B{n,n') and B e R^{Vfj)®B{n",'H'), then there exists a con- 
traction G e R^{Vfj)^B{n,H") such that A ^ BG if and only if AA* < BB* . 

Proof. Assume that AA* < BB*. Then, there is a contraction Y : M := 
B*{Nj(E)'H') -^Nj®n satisfying YB* = A*. Since B £ R^{Vfj)^B{n",n'), 
Corollary 14.31 implies 

B{Bi®In")^{B^®lH')B, i = l,...,n, 

where Bi :— Pj\fjWi\Nj^ i = l,...,n. Hence, the subspace M C Mj ^Ti." is 
invariant under each operator B* ® /-h" , i — 1, . . . , n. Define the operators 

T,:=PM[B,®In")\M, i = l,...,n, 

acting from to M.. Since A is in the operator space R^{Vf^j)^B{T-C,'H'), while 
B is in R^{Vf,j)^B{n",n'), and YB* = A*, we have 

Y{B* (g) In")B*x = YB*{B* ® In')x = A*(B* ® In')x 

= {B* (E) In)A*x = [B* ® In)YB*x 

for any x G Nj ® H' . Hence, 

(4.12) Y*{B,®In) ^T,Y*, i = l,...,n. 
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Applying the commutant lifting of Theorem 14. 21 in our particular case, we find an 
operator G G R^{Vfj)®B{n,n") such that G*\m = Y and ||G|| = Now, 
it is clear that 

A = BY* ^ BPmG = B{Pm + Pm)G = BG. 
This completes the proof of the theorem. □ 

Applying Theorem 14.81 to the particular case when Ti = 1-1' and A = 5Ij\fj(g,H' ^ 
5 > Q, we obtain the following consequence. 

Corollary 4.9. Let B e (V f ^j)®B{H" ,H') . The following statements are 
equivalent: 

(i) There is D e B{J\fj ® n',Uj ® U") such that BD = /; 

(ii) There is 5 > such that \\B*h\\ > d\\h\\, for any h € Afj (g) W; 

(iii) There is G € {V f,j)®B{n' ,n") such that BG = I. 

Another consequence of Theorem l4.8l is the following corona type result for the 
algebra R^{Vfj)^B{n). 

Corollary 4.10. If(pi, .. .,(pk & R'^{Vf^j)<^B{H), then there exist operators 
<?!,... ,5fc e R^{Vfj)^B{n) such that 

ipigi H h ipkgk = I 

if and only if there exists S > such that 

ifil^l H h (fik^l > S'^I. 

Proof. Take 

B := G R'^{Vfj)®B{n''^\n), and 

91 

C:= ■■ e R^iVf,j)^B{n,n^''^) 
_9k_ 

and apply Corollary 14.91 □ 

We remark that a similar result can be obtained for F^{Vfj)i§)B{'H). 

Now, let us discuss a few particular cases. First, we consider the case when 
J = {0}. If (fii e F^CDf), z = 1, . . . , /c, we denote by arifi, ■ ■ ■ , fk) the right joint 
spectrum with respect to the noncommutative analytic Toeplitz algebra F^{'Df). 

Corollary 4.11. Let {ipi, . . . , ipk) be a k-tuple of operators in the Hardy al- 
gebra Fj^(T>f). Then the following properties hold: 

(i) (Ai, . . . , A„) ^ (7r{^i, . . . , ifk) 'if and only if there is 5 > such that 

(Ai/ - ^i)(Ai/ -ipl) + --- + {\kl - ipk){\kL - ifl) > 5^L; 

(ii) ar{(pi, . . . ,(pk) is a compact subset of 0^ and 

{(^i(A),...,^fe(A)) : AeP}(C)}- Ca,((^i,...,(^fc). 
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Proof. The first part of tlic corollary follows from the remarks preceding 
Proposition [TTTHl and Corollarv l4.10l According to Theorem II .171 we have 

ip{Wi,...,Wn)*zx=W)zx foraU \eV){C). 
Denote ^.j := ipjiX), j — I, . . . , k, and notice that 

k 

j2\\{-pji-v{Wi,...,w^r)zxf = o. 

i=i 

Since |1za|1 7^ for any A e I?j(C) , we can use again Corollary 14.101 and deduce 
that {ni, . . . e (T,.((/3i, . . . , ipk). □ 

Consider now the particular case when Jc is the w* -closed two-sided ideal of 
the Hardy algebra F!^{Vf) generated by WiWj — WjWi, i,j — 1, . . . ,n. Using 
Theorem 11.191 and Theorem 11.221 we can write all the results of this section for 
F^{VfjJ, the algebra of aU muhiphers of the Hilbert space H'^{V°f{C)). We leave 
this task to the reader. 
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